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Wd{ dqg Hgxfdwlrq Srolf| lq d Khwhurjhqrxv Djhqw Hfrqrp|=
Zkdw Ohyhov ri Uhglvwulexwlrq Pd{lpl}h Jurzwk dqg H!flhqf|B
Urodqg Eìqderx 4
Qhz \run Xqlyhuvlw|/ FHUDVLGHL dqg JUHPDTFQUV1
Iluvw Gudiw= Pdufk 4<<:
Wklv Yhuvlrq= Mdqxdu| 4<<<
4L zlvk wr wkdqn Pduwlq Ohwwdx/ Jxloodxph Udedxow/ Sdwulfn Uh|/ Mhdq Wluroh dqg vhplqdu sduwlflsdqwv
dw LGHL dqg wkh Xqlyhuvlw| ri Fklfdjr Judgxdwh Vfkrro ri Exvlqhvv iru khosixo frpphqwv1 Iuhghulfr
Udyhqqd surylghg h{fhoohqw uhvhdufk dvvlvwdqfh1 Ilqdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq
+VEU<93464<,/ wkh PdfDuwkxu Irxqgdwlrq dqg wkh F1Y1 Vwduu Fhqwhu lv judwhixoo| dfnqrzohgjhg1
Devwudfw
Wklv sdshu vwxglhv wkh hhfwv ri surjuhvvlyh lqfrph wd{hv dqg hgxfdwlrq qdqfh lq d g|qdplf
khwhurjhqhrxv djhqw hfrqrp|1 Vxfk uhglvwulexwlyh srolflhv hqwdlo glvwruwlrqv wr oderu vxsso| dqg
vdylqjv/ exw dovr vhuyh dv sduwldo vxevwlwxwhv iru plvvlqj fuhglw dqg lqvxudqfh pdunhwv1 Wkh
uhvxowlqj wudghrv iru jurzwk dqg h!flhqf| duh h{soruhg/ erwk wkhruhwlfdoo| dqg txdqwlwdwlyho|/
lq d prgho zklfk |lhogv frpsohwh dqdo|wlfdo vroxwlrqv1 Surjuhvvlyh hgxfdwlrq qdqfh dozd|v
ohdgv wr kljkhu lqfrph jurzwk wkdq wd{hv dqg wudqvihuv/ exw dw wkh frvw ri orzhu lqvxudqfh1
Ryhudoo h!flhqf| lv dvvhvvhg xvlqj d qhz phdvxuh zklfk surshuo| uh hfwv djjuhjdwh uhvrxufhv dqg
lglrv|qfudwlf ulvnv exw/ xqolnh d vwdqgdug vrfldo zhoiduh ixqfwlrq/ grhv qrw uhzdug htxdolw| shu
vh1 Vlpxodwlrqv xvlqj hpslulfdo sdudphwhu hvwlpdwhv vkrz wkdw wkh h!flhqf| frvwv dqg ehqhwv ri
uhglvwulexwlrq duh jhqhudoo| ri wkh vdph rughu ri pdjqlwxgh/ uhvxowlqj lq uhdvrqdeoh ydoxhv iru wkh
rswlpdo udwhv1 Djjuhjdwh lqfrph dqg djjuhjdwh zhoiduh surylgh rqo| yhu| fuxgh orzhu dqg xsshu
erxqgv durxqg wkh wuxh h!flhqf| wudghr1
Nh|zrugv= Lqfrph Glvwulexwlrq/ Khwhurjhqrxv Djhqwv/ Lqhtxdolw|/ Jurzwk/ Uhglvwulexwlrq/ Hgx0
fdwlrq Ilqdqfh1
MHO fodvvlfdwlrq= G64/ H95/ L55/ G961
Lqwurgxfwlrq
Devhqw wkh uhsuhvhqwdwlyh djhqw dvvxpswlrq/ wkh hyroxwlrq ri pdfurhfrqrplf djjuhjdwhv lv
ghwhuplqhg mrlqwo| zlwk wkdw ri wkh hqwluh glvwulexwlrq ri zhdowk1 Lq wklv L sdshu suhvhqw d iudph0
zrun zkhuh wkhvh xvxdoo| frpsoh{ g|qdplfv uhpdlq dqdo|wlfdoo| wudfwdeoh/ dqg xvh lw wr vwxg|
vfdo dqg hgxfdwlrqdo srolf|1 L wkxv dqdo|}h wkh hhfwv ri surjuhvvlyh lqfrph wd{hv dqg uhglv0
wulexwlyh hgxfdwlrq qdqfh rq djjuhjdwh lqfrph/ lqhtxdolw|/ vrfldo prelolw|/ lqglylgxdo ulvn/ dqg
lqwhuwhpsrudo zhoiduh1 Iru hdfk srolf| L dvn zkdw ghjuhh ri surjuhvvlylw| lv h!flhqw/ ru vlpso|
jurzwkpd{lpl}lqj> L dovr frpsduh wkh uhodwlyh phulwv ri wzr irupv ri uhglvwulexwlrq1 Iru vxfk
txhvwlrqv wr eh srvhg uhdolvwlfdoo|/ wzr lqjuhglhqwv pxvw eh suhvhqw1 Uhglvwulexwlyh srolflhv pxvw
kdyh frvwv/ gxh wr glvwruwlrqv lq djhqwv* hruw ru vdylqjv ghflvlrqv1 Wkh| pxvw dovr kdyh ehqhwv/
gxh wr lpshuihfwlrqv lq dvvhw pdunhwv> uhglvwulexwlrq wkhq surylghv erwk lqvxudqfh dqg d phdqv
wr uhod{ wkh fuhglw frqvwudlqwv zklfk lpshgh fhuwdlq lqyhvwphqwv1
Wr dqdo|}h wklv wudghr wkhruhwlfdoo| dqg txdqwlwdwlyho|/ L ghyhors d vwrfkdvwlf prgho ri kx0
pdq fdslwdo dffxpxodwlrq zlwk hqgrjhqrxv hruw dqg plvvlqj fuhglw dqg lqvxudqfh pdunhwv1 Wkh
prgho dovr lqfrusrudwhv uhfxuvlyh suhihuhqfhv d od NuhsvSruwhxv zkhuh djhqwv* ulvn dyhuvlrq/
zklfk ghwhuplqhv wkh lqvxudqfh ydoxh ri uhglvwulexwlyh srolflhv/ lv lqghshqghqw ri wkhlu lqwhuwhp0
srudo hodvwlflw| ri vxevwlwxwlrq1 H{solflw dqdo|wlfdo vroxwlrqv duh rewdlqhg iru doo lqglylgxdo dqg
djjuhjdwh yduldeohv/ xqghu frqvwdqw ru wlphydu|lqj srolflhv1 Jlyhq d uhdvrqdeo| eurdg phqx
ri vfdo lqvwuxphqwv/ lqwhuwhpsrudo glvwruwlrqv duh vkrzq wr eh suhyhqwdeoh= wr hdfk lqfrph wd{
ru hgxfdwlrq qdqfh srolf| fdq eh dvvrfldwhg d vlpsoh frpelqdwlrq ri frqvxpswlrq wd{hv dqg
lqyhvwphqw vxevlglhv zklfk uhvwruhv vdylqjv wr lwv +frqvwudlqhg, rswlpdo ohyho1 Wkh dqdo|vlv dovr
ghprqvwudwhv wkdw surjuhvvlyh hgxfdwlrq qdqfh dozd|v ohdgv wr kljkhu lqfrph jurzwk wkdq wd{hv
dqg wudqvihuv1 Erwk duh htxdoo| hhfwlyh dw vxevwlwxwlqj iru wkh plvvlqj fuhglw pdunhw/ exw wkh
vhfrqg srolf| hqwdlov vpdoohu glvwruwlrqv wr oderu vxsso| dqg +lq wkh devhqfh ri fruuhfwlyh phd0
vxuhv, wr vdylqjv/ ehfdxvh lw uhglvwulexwhv rqo| d iudfwlrq ri idplo| lqfrph1 Wklv frphv/ krzhyhu/
dw wkh frvw ri orzhu frqvxpswlrq lqvxudqfh1
Wr hydoxdwh pruh jhqhudoo| wkh h{whqw wr zklfk pdunhw glvwruwlrqv dqg lpshuihfwlrqv duh zruv0
hqhg ru lpsuryhg e| dowhuqdwlyh srolflhv/ wkh sdshu sursrvhv d qhz phdvxuh ri ryhudoo hfrqrplf
h!flhqf|1 Wklv fulwhulrq surshuo| uh hfwv +g|qdplf, yduldwlrqv lq wkh djjuhjdwh frqvxpswlrq
ri jrrgv dqg ohlvxuh dqg lq wkh lglrv|qfudwlf ulvnv wkdw djhqwv idfh> exw/ xqolnh d vwdqgdug vr0
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fldo zhoiduh ixqfwlrq/ lw grhv qrw uhzdug lqwhushuvrqdo htxdolw| shu vh1 Wkh xqghuo|lqj lghd lv
vwudljkwiruzdug1 Lqvwhdg ri djjuhjdwlqj lqglylgxdo lqfrphv ru frqvxpswlrqv +zklfk zdvkhv rxw doo
lglrv|qfudwlf xqfhuwdlqw|,/ ru lqglylgxdo xwlolwlhv +zklfk lqwurgxfhv d eldv wrzdugv hjdolwduldq door0
fdwlrqv,/ rqh vxpv xs frqvxpswlrq fhuwdlqw|htxlydohqwv/ vr dv wr rewdlq d nlqg ri ulvndgmxvwhg
JGS1 Djjuhjdwh h!flhqf| lv vkrzq wr eh pd{lpl}hg dw vrph vwulfwo| srvlwlyh udwh ri uhglvwulex0
wlrq zklfk ghshqgv lqwxlwlyho| rq sdudphwhuv olnh wkh hodvwlflw| ri oderu vxsso|/ wkh yduldelolw|
ri lglrv|qfudwlf vkrfnv/ dqg wkh jurzwk orvvhv iurp oltxlglw|frqvwudlqhg lqyhvwphqwv1 Htxlw|
frqfhuqv fdq eh lqfrusrudwhg dv zhoo/ exw wkurxjk d vhsdudwh ghjuhh ri lqhtxdolw|dyhuvlrq zklfk
lv d sulrul lqghshqghqw ri lqglylgxdov* dwwlwxghv wrzdugv ulvn dqg lqwhuwhpsrudo  xfwxdwlrqv1
Frpsohphqwlqj wkh wkhruhwlfdo dqdo|vlv/ wkh prgho lv vlpxodwhg zlwk sdudphwhu hvwlpdwhv iurp
wkh hpslulfdo olwhudwxuh1 Lq wkh edvholqh vshflfdwlrq orqj uxq lqfrph +ru jurzwk, lv pd{lpl}hg
e| dq dyhudjh pdujlqdo wd{dqgwudqvihu udwh ri 54(> zklfk fruuhvsrqgv wr d vkduh ri uhglvwulex0
wlyh wudqvihuv lq JGS ri 9(= Wdnlqj lqwr dffrxqw wkh ydoxh ri lqvxudqfh dqg ohlvxuh/ h!flhqf|
pd{lpl}dwlrq udlvhv wkhvh qxpehuv wr 7;( dqg 47( uhvshfwlyho|1 Xqghu wkh dowhuqdwlyh srolf| ri
surjuhvvlyh hgxfdwlrq qdqfh/ wkh lqfrphpd{lpl}lqj htxdol}dwlrq udwh iru vfkrro h{shqglwxuhv
lv 95(/ wkh h!flhqw rqh 9;(= Lq erwk fdvhv/ wkh h!flhqw srolf| uhvxowv lq wkh wrs 63( ri idplolhv
vxevlgl}lqj wkh erwwrp :3(> zkhwkhu wkurxjk wkh vfdo ru wkh hgxfdwlrq v|vwhp1 Pd{lpl}lqj
dyhudjh zhoiduh zrxog dozd|v lpso| pxfk kljkhu udwhv ri uhglvwulexwlrq1
Qdwxudoo|/ wkhvh qxpehuv vkrxog rqo| eh wdnhq dv surylglqj d urxjk dvvhvvphqw ri wkh pdlq
srolf| wudghrv1 Pruh lpsruwdqw wkdq wkh uhvxowv fruuhvsrqglqj wr vshflf sdudphwhuv duh wkh
jhqhudo ohvvrqv hphujlqj iurp dq h{whqvlyh vhqvlwlylw| dqdo|vlv1 Iluvw/ wkh h!flhqf| frvwv dqg
ehqhwv ri uhglvwulexwlrq duh w|slfdoo| ri wkh vdph rughu ri pdjqlwxgh/ vr wkdw qhlwkhu vlgh fdq eh
qhjohfwhg1 Vhfrqg/ djjuhjdwh lqfrph dqg djjuhjdwh zhoiduh surylgh rqo| yhu| fuxgh orzhu dqg
xsshu erxqgv durxqg wkh wuxh h!flhqf| wudghr1
Wklv sdshu uhodwhv wr wkuhh vwudqgv ri olwhudwxuh1 Iluvw/ dqg prvw gluhfwo|/ wr wkh zrun rq
jurzwk dqg glvwulexwlrq zlwk lpshuihfw fuhglw pdunhwv +h1j1/ Orxu| +4<;4,/ Jdoru dqg ]hlud +4<<6,/
Edqhumhh dqg Qhzpdq +4<<6,/ Shurwwl +4<<6,/ VdlqwSdxo dqg Yhuglhu +4<<7,/ Eìqderx +4<<9d,/
Gxuodxi +4<<9,/ Djklrq dqg Erowrq +4<<:,/ Slnhww| +4<<:,,14 Wklv olwhudwxuh kdv uhpdlqhg hv0
4Wklv olvw lv idu iurp h{kdxvwlyh= vhh dovr Edqhumhh dqg Qhzpdq +4<<4,/ Jorpp dqg Udylnxpdu +4<<5,/ Ihuqdq0
gh} dqg Urjhuvrq +4<<9,/ Eìqderx +4<<9e,/ Judgvwhlq dqg Mxvwpdq +4<<:,/ Frrshu +4<<;,/ dqg pdq| rwkhuv1
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vhqwldoo| wkhruhwlfdo/ zlwk wkh qrwdeoh h{fhswlrq ri Ihuqdqgh} dqg Urjhuvrq +4<<;, zkr vwxg|
wkh txdqwlwdwlyh lpsdfw ri uhglvwulexwlqj hgxfdwlrqdo h{shqglwxuhv lq d prgho fdoleudwhg wr XV
gdwd1 Wkh iudphzrun sursrvhg khuh doorzv qhz ghyhorsphqwv rq erwk wkh wkhruhwlfdo dqg wkh
txdqwlwdwlyh iurqwv1 Wkh vhfrqg vwudqg ri olwhudwxuh ghdov zlwk wkh lpsolfdwlrqv ri lpshuihfw lq0
vxudqfh pdunhwv iru vdylqjv ehkdylru dqg zhdowk lqhtxdolw| rq wkh rqh kdqg/ +Odlwqhu +4<<5,/
Dl|djdul +4<<7,/ Khdwrq dqg Oxfdv +4<<9,/ Nuxvhoo dqg Vplwk +4<<;,,/ iru sxeolf lqvxudqfh rq wkh
rwkhu +Yduldq +4<;4,/ Shuvvrq +4<;6,/ Kdqvhq dqg Lpurkrjox +4<<5,/ Dwnhvrq dqg Oxfdv +4<<8,/
Krshqkd|q dqg Qlfrolql +4<<:,/ Dfhprjox dqg Vklphu +4<<;,,15 Wkh suhvhqw sdshu devwudfwv
iurp suhfdxwlrqdu| vdylqjv/ zklfk jxuh surplqhqwo| lq vhyhudo ri wkhvh prghov1 Rq wkh rwkhu
kdqg/ lw ohwv fuhglw frqvwudlqwv ehdu qrw mxvw rq frqvxpswlrq vprrwklqj/ exw dovr rq lqyhvwphqw1
Ilqdoo|/ wkh sdshu uhodwhv phwkrgrorjlfdoo| wr vrph ri wkh dvvhw sulflqj olwhudwxuh/ erwk lq lwv xvh
ri qrqh{shfwhg xwlolw| +Hsvwhlq dqg ]lq +4<;<,/ Zhlo +4<<3,, dqg lq rewdlqlqj h{dfw djjuhjdwlrq
lq dq hfrqrp| zlwk khwhurjhqhrxv djhqwv +Frqvwdqwlqlghv dqg Gx!h +4<<9,,1 Exw zkhuhdv wklv
olwhudwxuh irfxvhv rq h{sodlqlqj dvvhw sulfh pryhphqwv zlwk uhdo txdqwlwlhv ehlqj h{rjhqrxv +hq0
grzphqw hfrqrplhv,/ wklv sdshu h{soruhv wkh srodu fdvh ri hqgrjhqrxv pdfurhfrqrplf g|qdplfv
lq dq hfrqrp| zlwk plvvlqj dvvhw pdunhwv1
Vhfwlrq 4 ghvfulehv wkh prgho/ wkhq ghulyhv djhqwv* rswlpdo oderu vxsso| dqg vdylqjv ehkdylru
xqghu surjuhvvlyh wd{hv dqg wudqvihuv1 Vhfwlrq 5 grhv wkh vdph iru surjuhvvlyh hgxfdwlrq qdqfh1
Vhfwlrq 6 vroyhv iru wkh g|qdplfv dqg vwhdg|vwdwh ydoxhv ri wrwdo lqfrph dqg lwv furvv0vhfwlrqdo
glvwulexwlrq1 Lw dovr vkrzv krz wr doorz iru hqgrjhqrxv jurzwk lq wkh prgho/ zlwkrxw dq| ri
wkh uhvxowv ehlqj dhfwhg1 Vhfwlrqv 7 dqg 8 ghyhors dq h!flhqf| fulwhulrq iru vxfk g|qdplf/
vwrfkdvwlf hfrqrplhv zlwk zhdowk khwhurjhqhlw|/ wkhq uhodwh lw wr djjuhjdwh lqfrph dqg vrfldo
zhoiduh ixqfwlrqv1 Vhfwlrq 9 h{soruhv wkh txdqwlwdwlyh suhglfwlrqv ri wkh prgho wkurxjk d zlgh
udqjh ri vlpxodwlrqv1 Vhfwlrq : frqfoxghv1 Doo surriv duh jdwkhuhg lq wkh dsshqgl{1
5Khuh djdlq/ wkh olvw rqo| d sduwldo rqh1 Vhh iru lqvwdqfh Dl|djdul dqg Shohg +4<<8, dqg Fdvwdôhgd/ Gðd}Mlphqh}
dqg UðrvUxoo +4<<;,1 D uhodwhg olqh ri zrun uhdvvhvvhv/ xqghu lqfrpsohwh pdunhwv/ vrph fodvvlfdo lvvxhv ri rswlpdo
wd{dwlrq vxfk dv wkh orqjuxq wd{ rq fdslwdo +Dl|djdul +4<<:,/ Fkdpoh| +4<<:,, ru wd{ vprrwklqj +Edvvhwwr +4<<;,,1
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4 Wkh Prgho
414 Suhihuhqfhv dqg Whfkqrorj|
Wkhuh lv d frqwlqxxp ri lqqlwho|0olyhg djhqwv ru g|qdvwlhv/ l 5 ^3> 4‘= Lq shulrg w> djhqw l fkrrvhv
frqvxpswlrq f| dqg oderu vxsso| o

| wr pd{lpl}h klv lqwhuwhpsrudo xwlolw| X

| / vxemhfw wr whfk0
qrorjlfdo dqg exgjhw frqvwudlqwv ghvfulehg ehorz1 Wkh vlpsohvw ghvfulswlrq ri suhihuhqfhv L zloo
frqvlghu lv=
oqX | @ H|
%
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&+oq f|n&  +o|n&,#,
&
= +4,
Pruh jhqhudoo|/ L xvh d vshflfdwlrq ri suhihuhqfhv zklfk doorzv dwwlwxghv wrzdugv lqwhuwhpsr0
udo vxevwlwxwlrq dqg wrzdugv ulvn wr eh glvwlqjxlvkhg +Nuhsv dqg Sruwhxv +4<:<,/ Hsvwhlq dqg ]lq
+4<;<,/ Zhlo +4<<3,,1 Ehfdxvh wkh odwwhu ghwhuplqhv wkh ydoxh sodfhg e| djhqwv rq wkh lqvxudqfh
frpsrqhqw ri uhglvwulexwlyh srolflhv/ lw lv lpsruwdqw qrw wr frqvwudlq lw wr dq| sduwlfxodu ydoxh1
Rq wkh rwkhu kdqg/ wkh prgho*v dqdo|wlfdo wudfwdelolw| uhtxluhv d xqlwdu| lqwhuwhpsrudo hodvwlflw|
ri vxevwlwxwlrq16 Djhqw l*v lqwhuwhpsrudo xwlolw| dw wlph w lv wkxv ghqhg uhfxuvlyho| e|=
oqX | @ pd{
,|c S

|
q
+4 ,^oq f|   +o|,# ‘ .  oq+H|^+X |n,o‘,*o,
r
= +5,
Wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq wr orwwhulhv ryhu X |n lv 4  u  3= Zkhq u @ 3 wkh vhfrqg
whup lq +5, ehfrphv H|^oqX |n‘> dqg xwlolw| uhgxfh wr +4,1 Zkhq u 9@ 3 suhihuhqfhv duh qrw
wlphvhsdudeoh/ dqg djhqwv fduh derxw erwk wkh pdjqlwxgh ri xqfhuwdlqw| dqg wkh wlplqj ri lwv
uhvroxwlrq17 c8 Lq shulrg ru jhqhudwlrq w> djhqw l pd{lpl}hv klv lqwhuwhpsrudo xwlolw| +5, vxemhfw wr=
|| @ +k

|,
b +o|,
> +6,
6Wklv odvw dvvxpswlrq lv xeltxlwrxv lq wkh olwhudwxuh rq lqfrph glvwulexwlrq g|qdplfv jhqhudoo| lq frqmxqfwlrq
zlwk d p|rslf ehtxhvw prwlyh udwkhu wkdq wkh g|qdvwlf rqh dvvxphg khuh1 Vhh Jorpp dqg Udylnxpdu +4<<5,/
Jdoru dqg ]hlud +4<<6,/ Edqhumhh dqg Qhzpdq +4<<6,/ VdlqwSdxo dqg Yhuglhu +4<<6,/ Eìqderx +4<<9d,/ +4<<9e,/
Djklrq dqg Erowrq +4<<:, ru Judgvwhlq dqg Mxvwpdq +4<<:,1 Lq wklv prgho/ krzhyhu/ lw zloo qrw uhvxow lq d frqvwdqw
+srolf|lqyduldqw, vdylqjv udwh/ gxh wr wkh surjuhvvlylw| ri wkh wd{ vfkhphv wkdw zloo eh frqvlghuhg1
7Dv h{sodlqhg lq Zhlo +4<<3,/ djhqwv suhihu hduo| uhvroxwlrq zkhq wkhlu dyhuvlrq wr ulvn lv odujhu wkdq wkhlu
dyhuvlrq wr lqwhuwhpsrudo  xfwxdwlrqv/ l1h1 zkhq 3 o :  Frqyhuvho|/ wkh| suhihu odwh uhvroxwlrq zkhq o : f
8Zlwk uhvshfw wr oderu vxsso|/ wkh prgho hdvlo| h{whqgv wr wkh pruh jhqhudo vshflfdwlrq ri iholflw|  ’ *? S3
E,c c  : f Jorpp dqg Udylnxpdu +4<<5, dqg Judgvwhlq dqg Mxvwpdq +4<<:, xvh E, ’ 3 *?E 3 , Wkh
vshflfdwlrq +4,+5, lv pruh  h{leoh/ dv wkh hodvwlflw| ri oderu vxsso| lv sdudphwul}hg e| *E#3  Vshflfdoo|/ wkh
lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq iru oderu lv *E#3 / dqg lq dq lqwudwhpsrudo +ru vwhdg|vwdwh, frqwh{w wkh
frpshqvdwhg hodvwlflw| ri oderu vxsso| jlyhq d zdjh  dqg qrqzdjh lqfrph - lv *d#3  n,*E-n,o
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a|| @ f

| +4 . |, . h

| +7,
k|n @   |n  +k|,k ++4 . d|, h|,q = +8,
Kxpdq fdslwdo k| lv frpelqhg zlwk oderu o

| wr surgxfh rxwsxw1
9 Wkh uhvxowlqj suh0wd{ lqfrph || lv
wkhq vxemhfw wr wd{hv dqg wudqvihuv/ uhvxowlqj lq d glvsrvdeoh lqfrph ghqrwhg a||= Wkh jryhuqphqw
dovr wd{hv frqvxpswlrq f| dw wkh udwh | dqg vxevlgl}hv lqyhvwphqw lq hgxfdwlrq h

| dw wkh udwh d|=
Wkhvh wkuhh glphqvlrqv ri vfdo srolf| dqg wkh frqvwudlqwv olqnlqj wkhp zloo eh h{dplqhg lq pruh
ghwdlo odwhu rq1 Htxdwlrq +7, uh hfwv wkh devhqfh ri d fuhglw pdunhw wr qdqfh kxpdq fdslwdo
lqyhvwphqw/ uhtxlulqj erwk frqvxpswlrq dqg hgxfdwlrq h{shqglwxuhv wr frph rxw ri glvsrvdeoh
lqfrph1: Htxdwlrq +8, ghvfulehv d fklog*v kxpdq fdslwdo k|n dv wkh surgxfw ri wkuhh lqsxwv=
lqqdwh delolw| |n> wkh txdolw| ri wkh krph ru qhljkerukrrg hqylurqphqw dv phdvxuhg e| sduhqwdo
kxpdq fdslwdo k|> dqg sxufkdvhg hgxfdwlrqdo lqsxwv vxfk dv whdfkhu wlph/ fodvvurrpv/ errnv ru
frpsxwhuv/ +4.d|, h|= Wkh xqlqvxudeoh delolw| ru surgxfwlylw| vkrfnv 

| duh l1l1g1 dqg orjqrupdoo|
glvwulexwhg= oq |  Q +v2@5> v2,> khqfh H^‘ @ 4=; L vkdoo dovr dvvxph wkdw oq kf  Q +pf>2f,
dqg zlwkrxw suhmxgjlqj wkh glvwulexwlrq ri oqk|> zklfk lv hqgrjhqrxv ghqrwh lwv phdq dv p|
dqg lwv yduldqfh dv 2| = Ilqdoo|/ ohw   4 A  dqg  .  ? 4=
Wkh devhqfh ri dq| lqwhuwhpsrudo wudgh lv fohduo| dq ryhuvlpsolhg +exw txlwh frpprq, uhs0
uhvhqwdwlrq ri dvvhw pdunhw lqfrpsohwhqhvv> lw uhsuhvhqwv wkh pdlq sulfh ri dqdo|wlfdo wudfwdelolw|
lq wkh prgho1 Lqwudwhpsrudo olqndjhv ehwzhhq djhqwv/ rq wkh rwkhu kdqg/ frxog hdvlo| eh lqfru0
srudwhg iru lqvwdqfh d oderu pdunhw zlwk glhuhqw vnloo ohyhov ehlqj frpsohphqwv lq surgxfwlrq1
L vkdoo qrqhwkhohvv qrw sxuvxh wklv h{whqvlrq/ lq rughu wr ehwwhu rq irfxv wkh lqwhudfwlrqv erwk
lqwud0 dqg lqwhuwhpsrudo zklfk dulvh wkurxjk sxeolf srolf|1
9Pruh jhqhudoo|/ | frxog eh dq| qrqwudghg dvvhw1 Qrwh wkdw +6, vkrxog eh lqwhusuhwhg dv lqfrph qhw ri wkh
uhpxqhudwlrq ri sk|vlfdo fdslwdo +zklfk fdq eh froodwhudol}hg,/ dv lq Eduur/ Pdqnlz dqg Vdod0l0Pduwlq +4<<8,1 Wkxv
li wkh surgxfwlrq ixqfwlrq lv t | ’ E

|
/ E&|
/3E,|
/33 c htxdwlqj wkh pdujlqdo surgxfw ri fdslwdo wr d {hg zruog
lqwhuhvw udwh o pdnhv +|  t

| 3 o&

| sursruwlrqdo wr E

|
b E,|
>/ zlwk b  /*E3/ dqg >  /*E3/
:Wkh vlpsohvw vrxufh ri vxfk lqfrpsohwhqhvv lv wkh idfw wkdw fkloguhq fdqqrw eh khog uhvsrqvleoh iru wkh ghewv
lqfxuuhg e| wkhlu sduhqwv1 Wkh kxpdq fdslwdo dffxpxodwlrq rq zklfk wkh prgho irfxvhv wkxv fruuhvsrqgv ehvw wr
hduo| fklogkrrg/ hohphqwdu| dqg vhfrqgdu| vfkrrolqj1 Lw lv pxfk ohvv uhohydqw iru froohjh dqg eh|rqg/ zkhuh ordqv
+erwk sxeolf dqg sulydwh, duh pruh uhdglo| dydlodeoh/ dw ohdvw lq ghyhorshg frxqwulhv1 Qrwh qdoo| wkdw wkh hgxfdwlrq
h{shqglwxuhv e| pd| eh lqfxuuhg gluhfwo|/ dv zlwk sulydwh vfkrro wxlwlrqv/ ru lqgluhfwo|/ lq wkh irup ri surshuw| wd{hv
dqg odqg uhqwv frqglwlrqlqj dffhvv wr d frppxqlw|*v sxeolf vfkrrov1
;Wkh prgho fdq eh h{whqghg wr vhuldoo| fruuhodwhg vkrfnv 1|c vd| @oE1 Exw lw lv pxfk vlpsohu/ dqg txdolwdwlyho|
vlplodu/ wr uhsodfh wkh uhvxowlqj @oE2 surfhvv e| dq @oE zlwk kljkhu shuvlvwhqfh/ e| lqfuhdvlqj k
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415 Surjuhvvlyh Wd{dwlrq
Wkh jryhuqphqw uhglvwulexwhv lqfrph xvlqj pdujlqdoo| surjuhvvlyh wd{hv dqg wudqvihuv/ dv lv wkh
fdvh lq prvw frxqwulhv1 L xvh wkh vdph orjolqhdu vfkhph dv lq Eìqderx +4<<9e, +4<<9f,/ vr wkdw
glvsrvdeoh lqfrph lv=
a|| @ +|

|,
3 | +||,
 | > +9,
zlwk || ghqhg e| wkh edodqfhgexgjhw frqvwudlqw=] 
f
+||,
3 | +||,
 | gl @ ||> +:,
zkhuh || lv shufdslwd lqfrph1 Wkh hodvwlflw|  | ri glvsrvdeoh wr pdunhw lqfrph phdvxuhv wkh
udwh ri +uhvlgxdo, surjuhvvlylw| lq vfdo srolf|1 Ghqrwlqj W +||,  a||  || wkh qhw wd{ sdlg +diwhu
wudqvihuv, dw lqfrph ohyho ||/ qrwh wkdw erwk dyhudjh dqg pdujlqdo udwhv duh ulvlqj zkhq  | A 3=
<
Ixuwkhupruh/  | lv htxdo wr wkh lqfrph0zhljkwhg dyhudjh pdujlqdo wd{ +dqg wudqvihu, udwh=
] 
f
W +||,  +||@||, gl @  |= +;,
Lqfhqwlyhfrpsdwlelolw| suhfoxghv  | A 4> exw qrwklqj lq sulqflsoh suhyhqwv d uhjuhvvlyh wd{/  | ? 3=
416 Wkh Vkdgrz Ydoxh ri Kxpdq Fdslwdo
Wdnlqj dv jlyhq wkh srolf| vhtxhqfh i |> |> d|j"|’f> dq djhqw zlwk kxpdq zhdowk k vroyhv wkh
g|qdplf surjudpplqj sureohp=
oqX|+k, @ pd{
,c D
~+4 ,^oq++4 ,@+4 . |,, . +4  |,+ oq k.  oq o, .  | oq ||   +o,# ‘
. oq+H|^+X|n+k
,o‘,*o, > +<,
k

@ ++4 . d|,,
q+k,knqbE3 |+o,q>E3 |= +43,
Fohduo|/ rswlpdo ghflvlrqv zloo ghshqg rq wkh sulydwh pdujlqdo ydoxh ri kxpdq fdslwdo/ ru htxly0
dohqwo| rq wkh hodvwlflw| Y|  C oqX|@C oq k= Wklv vkdgrz ydoxh zloo uh hfw ixwxuh h{shfwhg udwhv
<Qrwh dovr wkdw djhqwv zlwk dyhudjh lqfrph duh pdgh ehwwhu r E+| : +| li dqg rqo| li | : f D vlplodu
frqvwdqw uhvlgxdo surjuhvvlrq vfkhph wxuqv rxw wr kdyh ehhq xvhg lq d frxsoh ri hduolhu +dqg vwdwlf, prghov/ wr
vwxg| lqvxudqfh ru ulvnwdnlqj +h1j1/ Ihogvwhlq +4<9<,/ Ndqexu/ +4<:<,/ Shuvvrq +4<;6,,1
9
ri uhglvwulexwlrq/ erwk gluhfwo| dqg wkurxjk wkhlu lpsdfw rq wkh lqwhujhqhudwlrqdo shuvlvwhqfh ri
kxpdq zhdowk/ jlyhq e| +43,=
s+ |,  . +4  |,= +44,
Wkh vhtxhqfh ri s+ |,*v/ zklfk fdq dovr eh wkrxjkw ri dv lqyhuvh phdvxuhv ri vrfldo prelolw|/ zloo
sod| d ixqgdphqwdo uroh wkurxjkrxw wkh prgho1 Lq sduwlfxodu/ rqh vkrzv=
Sursrvlwlrq 4 Wkh ydoxh ixqfwlrq xqghu vfdo uhglvwulexwlrqv lv oqX | @ Y|  +oqk| p|, .Z|>
zkhuh
Y| @ +4 ,
"[
r’f
r+4  |nr,
r3\
&’f
s+ |n&, +45,
dqg Z|> zklfk phdvxuhv djjuhjdwh zhoiduh lq shulrg w/ lv jlyhq lq wkh dsshqgl{ dv d ixqfwlrq ri
i |n&> |n& > d|n&j"&’f=43
Qrwh krz wkh pdujlqdo ydoxh uh hfwv fxuuhqw dqg ixwxuh udwhv ri uhglvwulexwlrq/ exw lv lqyduldqw
wr sursruwlrqdo frqvxpswlrq wd{hv dqg lqyhvwphqw vxevlglhv +d ihdwxuh ri orjdulwkplf xwlolw|,1
417 Oderu Vxsso| dqg Vdylqjv Ghflvlrqv
Wkh frpsohwh vroxwlrq wr wkh djhqw*v sureohp lv hdvlo| rewdlqhg iurp +45, dqg wkh uvw0rughu
frqglwlrqv dvvrfldwhg wr +<,+43,1 L uvw frqvlghu oderu vxsso|1
Sursrvlwlrq 5 Djhqwv fkrrvh lq hyhu| shulrg d frpprq ohyho ri hruw/ zklfk ghfuhdvhv zlwk
fxuuhqw dqg h{shfwhg ixwxuh wd{ udwhv i |n&j"&’f =
o| @

+@,+4  |,+4 . +4 ,3Y|n,
*#
> +46,
zkhuh Y|n lv ghqhg e| +45,1 Xqghu d frqvwdqw wd{ suroh  | @ > lq sduwlfxodu=
o @

+@,+4 ,+4 ,
4 + . +4 ,,
*#
= +47,
Uhfdoo wkdw 4@+  4, lv wkh lqwhuwhpsrudo hodvwlflw| ri vxvevwlwxwlrq lq oderu vxsso|/ zlwk
uhvshfw wr yduldwlrqv lq wkh uhdo zdjh1 Wkh uvw uhvxow vkrzv wkdw wkh xqfrpshqvdwhg hodvwlflw|
43Uhfdoo wkdw/ e| ghqlwlrq/ 6| 
U 
f
*?| _( wkhuhiruh ‘| ’
U 
f
*?L| _ Wkurxjkrxw wkdw sdshu L vkdoo xvh wkh
frqyhqwlrq wkdw
Tr3
&’r %&   dqg
Sr3
&’r %&  f zkhqhyhu r
 	 rc iru dq| vhtxhqfh ri %&*v1
:
zlwk uhvshfw wr 4   |> wkh qhwriwd{ +surjuhvvlylw|, udwh/ htxdov 4@= Wkh vhfrqg uhvxow pdnhv
wudqvsduhqw wkh uroh ri wkh rwkhu sdudphwhuv/ dqg zloo eh xvhixo zkhq irfxvlqj rq vwhdg|vwdwhv
odwhu rq1 L qrz wxuq wr djhqwv* surshqvlw| wr vdyh rxw ri glvsrvdeoh lqfrph1
Sursrvlwlrq 6 Djhqwv fkrrvh lq hyhu| shulrg d frpprq vdylqjv udwh/ | @ h

|@a|

|> zklfk ghfuhdvhv
zlwk h{shfwhg ixwxuh wd{ udwhv i |n&j"&’f =
| @
 Y|n
4 .  Y|n > +48,
zkhuh Y|n lv ghqhg dv ehiruh1 Xqghu d frqvwdqw wd{ suroh/  | @  / lq sduwlfxodu=
 @
+4 ,
4   +4 , U = +49,
zkhuh U lv wkh odlvvh}0idluh vdylqjv udwh1
Wkhvh uhvxowv/ dqg lq sduwlfxodu wkh vhfrqg rqh/ vkrz fohduo| krz wkh surjuhvvlyh wd{dwlrq
ri lqfrph +d frqvwdqw vkduh  ri zklfk lv ghulyhg iurp kxpdq fdslwdo, glvwruwv sulydwh vdylqjv
ghflvlrqv1 Lqfrph wd{hv/ krzhyhu/ duh qrw wkh rqo| vfdo lqvwuxphqw dydlodeoh wr srolf|pdnhuv
dqg wkh yrwhuv zkr hohfw wkhp1 Lq sduwlfxodu/ frqvxpswlrq wd{hv dqg lqyhvwphqw vxevlglhv surylgh
d phdqv wr fruuhfw lqwhuwhpsrudo glvwruwlrqv1
418 Frqvxpswlrq Wd{hv dqg Lqyhvwphqw Vxevlglhv
Uhfdoo wkdw wkh jryhuqphqw wd{hv frqvxpswlrq dw wkh udwh | dqg vxevlgl}hv hgxfdwlrq dw wkh udwh
d|> vxemhfw wr wkh exgjhw frqvwudlqw=
|
] 
f
f| gl @ d|
] 
f
h| gl>
ru/ e| Sursrvlwlrq 6/
|+4 |,
4 . |
@ d| |= +4:,
Jlyhq d vdylqjv udwh | dqg d uhodwlyh sulfh ri hgxfdwlrq ru vlploduo| fuhglwfrqvwudlqhg lqyhvwphqw
jrrgv 4@+4 . d|,> hdfk djhqw*v dfwxdo lqyhvwphqw udwh lv +4 . d|,|= Lw fdq wkxv eh uhvwruhg wr lwv
+fuhglwfrqvwudlqhg, rswlpdo ohyho U  @+4 , e| d frqvxpswlrq wd{ ri
;
| @
U |
4 U > +4;,
zkrvh surfhhgv duh xvhg wr vxevlgl}h hgxfdwlrq1 Pruhryhu=
Sursrvlwlrq 7 Iru dq| vhtxhqfh ri fxuuhqw dqg ixwxuh udwhv ri uhglvwulexwlrq i |n&j"&’r> ohw
i|n&> d|n&j"&’f eh wkh xqltxh fruuhvsrqglqj vhtxhqfh ri frqvxpswlrq wd{ udwhv dqg lqyhvwphqw
vxevlglhv vxfk wkdw/ lq hyhu| shulrg w. n =
+l, wkh jryhuqphqw exgjhw lv edodqfhg/ dv ghvfulehg e| +4:,>
+ll, djhqwv* frpprq lqyhvwphqw udwh lv uhvwruhg wr lwv uvwehvw ohyho U> dv ghvfulehg e| +4;,1
Hyhu| djhqw l ri hyhu| jhqhudwlrq w suhihuv wkh srolf| vhtxhqfh i |n& > |n&> d|n&j"&’f wr dq|
dowhuqdwlyh i |n&> |n&> d|n&j"&’f=
Wklv xqdqlplw| uhvxow phdqv wkdw zkloh wkh srolf| vsdfh lv wzrglphqvlrqdo +wdnlqj lqwr
dffrxqw wkh exgjhw frqvwudlqw,/ wkh Sduhwr vhw lv rqh0glphqvlrqdo= glvwulexwlrqdo frq lfw frqfhuqv
rqo| wkh ghjuhh ri surjuhvvlylw| i |n&j"&’f= Dffruglqjo|/ L zloo iurp khuh rq uhvwulfw dwwhqwlrq wr
xqgrplqdwhg srolf| pl{hv/ vhwwlqj +4 . d|, | @ U iru doo w=
Jlyhq d uhdvrqdeo| eurdg phqx ri vfdo lqvwuxphqwv/ uhglvwulexwlyh wd{dwlrq wkxv fdxvhv rqo|
lqwudwhpsrudo glvwruwlrqv/ qdpho| wkrvh wr oderu vxsso|144 Wklv uhvxow lv frqvlvwhqw zlwk wkh
hpslulfdo hylghqfh iurp furvvfrxqwu| uhjuhvvlrqv/ vxuyh|hg lq Eìqderx +4<<9f,1 Wkhuh lv qr vljq
ri d qhjdwlyh hhfw ri uhglvwulexwlrq +vkduhv ri ydulrxv wudqvihuv lq JGS/ dyhudjh dqg pdujlqdo wd{
udwhv, rq qdwlrqdo lqyhvwphqw udwhv udwhv1 Lq idfw/ wkh uhjuhvvlrq frh!flhqw lv pruh riwhq srvlwlyh
wkdq qrw1 E| frqwudvw/ wkhuh lv d srvlwlyh dvvrfldwlrq ehwzhhq oderu wd{ udwhv dqg qdwlrqdo
xqhpsor|phqw udwhv +Gdyhul dqg Wdehoolql +4<<:,,1
Li rqh zdqwhg qrqhwkhohvv wr pdlqwdlq lqwhuwhpsrudo glvwruwlrqv lq wkh prgho/ rqh zrxog vlpso|
frqvwudlq d| dqg | wr }hur1 Wklv pljkw frqfhlydeo| uh hfw wkh xqghu0ghyhorshg vfdo v|vwhp ri d
srru frxqwu|/ ru vrph lqirupdwlrqdo frqvwudlqwv zklfk pdnh vxevlglhv wr kxpdq fdslwdo lqyhvwphqw
44Wkh srolf| pl{ ghvfulehg lq Sursrvlwlrq 7 lv xowlpdwho| htxlydohqw wr xvlqj d surjuhvvlyh frqvxpswlrq wd{ wr
qdqfh d surjudp ri surjuhvvlyh hgxfdwlrq vxevlglhv +zlwk wkh vdph udwh |, ri wkh w|sh vwxglhg lq wkh qh{w vhfwlrq1
Ehfdxvh lw h{sursuldwhv rqo| oderu dqg h{lvwlqj kxpdq zhdowk/ vxfk d srolf| jhqhudwhv rqo| hruw glvwruwlrqv1
Sursrvlwlrq 7 lv wkxv uhodwhg exw lq dq lqfrpsohwh pdunhwv vhwwlqj dqg zlwk surjuhvvlylw| wr wkh fodvvlfdo sxeolf
qdqfh uhvxowv derxw wkh vxshulrulw| ri frqvxpswlrq wd{hv ryhu +fdslwdo soxv oderu, lqfrph wd{hv1 Vhh Dwnlqvrq dqg
Vwljolw} +4<;3,/ Fkdpoh| +4<;8, dqg Mxgg +4<;8,1
<
lpsudfwlfdo1 Wkurxjkrxw wkh uhvw ri wkh sdshu/ doo rqh zrxog qhhg wr gr lv wr uhsodfh U e| |= Dv
vkrzq e| +49, wklv lv sduwlfxoduo| hdv| lq vwhdg|0vwdwh/ zklfk zloo eh rxu xowlpdwh irfxv1
5 Hgxfdwlrq Ilqdqfh
Dv dq dowhuqdwlyh wr surjuhvvlyh lqfrph wd{hv dqg wudqvihuv/ L frqvlghu wkh uhglvwulexwlrq ri hgx0
fdwlrq h{shqglwxuhv +pdlqo| iurp hduo| fklogkrrg wr wkh vhfrqgdu| ohyho,1 Wklv pd| fruuhvsrqg
wr d srolf| ri vfkrro ixqglqj htxdol}dwlrq/ vxfk dv wkrvh zklfk kdyh ehhq pdqgdwhg e| frqvwl0
wxwlrqdo frxuwv lq pdq| X1V1 vwdwhv/ ru pruh jhqhudoo| ri vxevlgl}lqj glhuhqwldoo| wkh hgxfdwlrq
h{shqglwxuhv ri ulfk dqg srru idplolhv ru frppxqlwlhv1 Irupdoo|/ ohw lqfrph lwvhoi uhpdlq xqwd{hg/
a|| @ ||/ zkloh lq +8, hgxfdwlrqdo lqyhvwphqw +4 . d|, h

| lv uhsodfhg e|
ah| @ +4 . d|, +||@|

|,
 | h| = +8*,
Wklv phdqv wkdw d idplo| zlwk lqfrph || idfhv wkh hhfwlyh sulfh s

| @ +4 . d|,
3 +||@||,
 | iru
hgxfdwlrq1 Wkh surjuhvvlylw| udwh  | fdq dovr eh wkrxjkw dv wkh ghjuhh ri htxdol}dwlrq ri vfkrro
lqsxwv/ zkloh d| vwloo uhsuhvhqwv wkh dyhudjh udwh ri hgxfdwlrq vxevlgl}dwlrq1 Lqghhg/ zlwk doo
djhqwv vdylqj d iudfwlrq | ri wkhlu lqfrph +dv vkrzq ehorz,/ ah| @ +4 . d|, | +|

|,
3 | +|| , | = Wkh
srodu fdvhv ri  | @ 3 dqg  | @ 4 fruuhvsrqg uhvshfwlyho| wr ghfhqwudol}hg dqg hjdolwduldq vfkrro
ixqglqj/ zlwk prvw vwdwhv lq sudfwlfh idoolqj vrphzkhuh lqehwzhhq145 Vxpplqj dfurvv djhqwv/
wkh qhw vxevlg| lv d| | ||> wr eh ixqghg dv suhylrxvo| e| d frqvxpswlrq wd{1
Wkh Ehoopdq htxdwlrq lv qrz=
oqX|+k, @ pd{,c D~+4 ,^oq++4 ,@+4 . |,, .  oq k.  oq o|   +o,# ‘
. oq+H|^+X|n+k
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+4<,
zlwk k

vwloo jlyhq e| +43,1 Wkh vroxwlrq kdv d vlplodu vwuxfwxuh wr wkdw rewdlqhg iru vfdo uhglv0
wulexwlrqv1
45Vrph ri wkh glvwulexwlrqdo dqg h!flhqf| surshuwlhv ri wkhvh wzr srodu uhjlphv kdyh ehhq dqdo|}hg lq Orxu|
+4<;4,/ Jorpp dqg Udylnxpdu +4<<5,/ Eìqderx +4<<9d, +4<<9e,/ Judgvwhlq dqg Mxvwpdq +4<<:, dqg Ihuqdqgh} dqg
Urjhuvrq +4<<;,1 Qrwh wkdw wkh uhglvwulexwlyh vfkhph ghvfulehg lq +8*, lv ohvv ghwulphqwdo wr lqyhvwphqw lqfhqwlyhv
wkdq li hgxfdwlrqdo exgjhwv zhuh ehlqj uhglvwulexwhg gluhfwo| Eh1j1/ 	e| ’ E n @|Ee

|
3wEe|
wc dv lv wkh fdvh lq
vrph XV vwdwhv vxfk dv Fdoliruqld +vhh Kr{e| +4<<;,,1
43
Sursrvlwlrq 8 Wkh ydoxh ixqfwlrq xqghu surjuhvvlyh vfkrro qdqfh lv oqX | @ Y|+oq k|p|,.Z|>
zkhuh
Y| @ +4 ,
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r’f
r
r3\
&’f
s+ |n&, +53,
dqg djjuhjdwh zhoiduh Z| lv jlyhq lq wkh dsshqgl{ dv d ixqfwlrq ri i |n&> |n&> d|n&j"&’f=
Wkh rqo| glhuhqfh zlwk +45, lv wkh devhqfh ri wkh idfwru 4 |nr pxowlso|lqj hdfk glvfrxqwhg
surgxfw whup1 Dv d uhvxow/ kxpdq fdslwdo lv pruh ydoxdeoh +Y| lv kljkhu,/ iru doo qrqqhjdwlyh
vhtxhqfhv i |n&j"&’f= Wklv uh hfwv wkh idfw wkdw surjuhvvlyh uhglvwulexwlrq qrz dssolhv rqo| wr wkh
iudfwlrq ri lqfrph zklfk lv vdyhg/ dqg qrw wr wkdw zklfk lv frqvxphg1 Dv rqh zrxog h{shfw/ wklv
ohvvhqv erwk lqwhu dqg lqwudwhpsrudo glvwruwlrqv1
Sursrvlwlrq 9 Iru dq| h{shfwhg vhtxhqfh ri hgxfdwlrq qdqfh htxdol}dwlrq udwhv i |n&j"&’f/
djhqwv* frpprq vdylqjv udwh | lv vwloo jlyhq e| +48,/ exw zlwk Y| qrz ghqhg e| +53,1 Lq sduwlf0
xodu/ xqghu d frqvwdqw hgxfdwlrq qdqfh srolf|  | @ >
 @

4 .  
U
4 . U
= +54,
Dv wr djhqwv*v oderu vxsso|/ lw lv qrz
o| @

+@,+4 . +4 ,3+4  |, Y|n,

*# > +55,
vr wkdw xqghu d frqvwdqw >
o @

+@,+4 ,
4 + . +4 ,,
*#
= +56,
Qrwh wkdw | dqg o| uhpdlq srvlwlyh hyhq iru  |n&  4> zklfk fruuhvsrqgv lq htxloleulxp wr
xqlirup ixqglqj ri hgxfdwlrq/ ah| @ +4.d|, | ||= Lq sduwlfxodu/ vwhdg|vwdwh hruw uhpdlqv erxqghg
ehorz hyhq dv wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq   4@ +  4, ehfrphv lqqlwh=
Dv lq wkh fdvh ri lqfrph wd{hv/ wkh ghfolqh lq vdylqjv fdq eh ixoo| rvhw e| wd{lqj frqvxpswlrq
dw wkh udwh | jlyhq e| +4;,/ dqg xvlqj wkh surfhhgv wr qdqfh wkh qhw +ru dyhudjh, hgxfdwlrq
vxevlg| d| zklfk uhvwruhv wkh lqyhvwphqw udwh wr U= Vlqfh wkh glvwruwlrq wr | lv qrz vpdoohu/ wkh
uhtxluhg udwhv ri | dqg d| duh orzhu1 Pruhryhu/ frqglwlrqdo rq dq| i |n&j"&’f wklv srolf| zloo rqfh
djdlq eh vxssruwhg xqdqlprxvo|/ erwk zlwklq dqg dfurvv jhqhudwlrqv1 Dv h{sodlqhg deryh/ wkh
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uhpdlqghu ri wkh sdshu zloo lqfrusrudwh wklv Sduhwrlpsurylqj srolf| pl{/ exw li lw zhuh iru vrph
uhdvrq lqihdvleoh rqh zrxog vlpso| uhsodfh U e| | lq doo ghulydwlrqv1
6 Wkh G|qdplfv ri Kxpdq Zhdowk dqg Lqfrph
Ohw xv qrz wdnh orjdulwkpv lq +6, dqg +8, lq wkh fdvh ri lqfrph wd{hv/ ru lq +6, dqg +8*, lq wkdw
ri surjuhvvlyh hgxfdwlrq qdqfh1 Xqghu hlwkhu uhglvwulexwlyh vfkhph djhqw l*v qhw lqyhvwphqw lv
U+||,
3 | +||,
 | > vr wkh odz ri prwlrq ri kxpdq fdslwdo wdnhv wkh irup=
oq k|n @ oq 

|n . oq .  oq U. +4  |, oq o| . +. +4  |,, oq k| .  | oq ||= +57,
Wklv lpsolhv wkdw erwk k| dqg lqfrph |

| @ +k

|,
b+o|,
> uhpdlq orj0qrupdoo| glvwulexwhg ryhu wlph1
Li oq k|  Q +p|> 2| ,/ wkhq
p|n @ +. ,p| .  oq o| .  | +5  |,22|@5 .  oq U. oq  v2@5> +58,
2|n @ +. +4  |,,22| . v2> +59,
zkhuh wkh uvw htxdwlrq lv rewdlqhg e| vxevwlwxwlqj lqwr +57, wkh euhdnhyhq ohyho ri lqfrph
oq || @ oq || . +4  |,22| @5 @ p| .  oq o| . +5  |,22| @5> +5:,
ghqhg e| wkh exgjhw frqvwudlqw +:,1 Ilqdoo|/ +58,+59, hdvlo| |lhog wkh iroorzlqj uhvxowv1
Sursrvlwlrq : Wkh glvwulexwlrq ri lqfrph dw wlph w lv oq ||  Q +p| .  oq o|> 22| ,> zkhuh p|
dqg 2| hyroyh dffruglqj wr wkh olqhdu glhuhqfh htxdwlrqv +58,+59, dqg o| @ o+ |, lv jlyhq e|
Sursrvlwlrq 5 ru 91 Wkh jurzwk udwh ri shu fdslwd lqfrph htxdov
oq ||n  oq || @ oq  +4 , oq || . +oq o|n  oq o|,1+ |,22|@5> +5;,
zkhuh oq   +oq  .  oq U, +4 ,v2@5 lv d frqvwdqw dqg
1+,  . +4 ,2  +. +4 ,,2 A 3 +5<,
phdvxuhv wkh h{whqw wr zklfk lqfrph lqhtxdolw| vorzv grzq jurzwk1
45
Zkloh Sursrvlwlrqv 5 wr 9 ghdow zlwk wkh frvwv ri uhglvwulexwlrq/ wkh deryh uhvxowv eulqj wr
oljkw vrph ri wkh ehqhwv1 Iurp wkh srlqw ri ylhz ri htxlw|/ htxdwlrqv +57, dqg +59, vkrz wkdw d
kljkhu  | zrunv wr uhgxfh erwk wkh shuvlvwhqfh s+ |, @  . +4  |, dqg wkh pdjqlwxgh 2|n
ri glvsdulwlhv lq kxpdq fdslwdo dqg lqfrph1 Iurp wkh srlqw ri ylhz ri h!flhqf|/ uhglvwulexwlrq
surylghv d sduwldo vxevwlwxwh iru wkh plvvlqj fuhglw pdunhw1 Wklv lqyhvwphqw uhdoorfdwlrq hhfw
lv uh hfwhg lq wkh odvw whup ri htxdwlrq +5;,/ zklfk phdvxuhv wkh vkruwidoo lq shu fdslwd lqfrph
jurzwk frpsduhg wr wkdw ri d uhsuhvhqwdwlyh djhqw hfrqrp|1 Ehfdxvh ghfuhdvlqj uhwxuqv dqg
fuhglw frqvwudlqwv lpso| wkdw srruhu idplolhv kdyh d kljkhu pdujlqdo uhwxuq wkdq zhdowklhu rqhv/
uhglvwulexwlqj hgxfdwlrq uhvrxufhv gluhfwo| ru lqgluhfwo| +wkurxjk lqfrph wd{hv, uhgxfhv wklv orvv/
exw rqo| xs wr d srlqw= 1+, lv plqlpl}hg iru  @ 4@+4,= Wkh pruh lpsruwdqw wkh frpsoh0
phqwdu| lqsxwv surylghg e| idplolhv dqg frppxqlwlhv/ l1h1 wkh juhdwhu lv / wkh ohvv uhglvwulexwlrq
lv fdoohg iru dw ohdvw lq wkh vkruw uxq/ zkhuh 2| lv jlyhq1
Kdylqj vroyhg iru wkh hfrqrp|*v djjuhjdwh dqg glvwulexwlrqdo g|qdplfv xqghu dq| srolf| suroh
i |j"|’f L vkdoo qrz h{soruh uvw dqdo|wlfdoo|/ wkhq txdqwlwdwlyho|krz vfdo dqg hgxfdwlrqdo
uhglvwulexwlrqv dhfw wrwdo lqfrph/ lqhtxdolw|/ ulvnvkdulqj dqg zhoiduh1 Wkh h{srvlwlrq ri wkhvh
srolf| wudghrv zloo riwhq irfxv rq vwhdg|vwdwhv/ exw wkh uhvxowv duh ghulyhg pruh jhqhudoo|1
614 Vwhdg|Vwdwh Lqfrph/ Lqhtxdolw| dqg Uhglvwulexwlrq
 Dv|pswrwlf Ydoxhv1 Jlyhq d frqvwdqw udwh ri vfdo surjuhvvlylw| ru vfkrro qdqfh htxdol}dwlrq
 / lqfrph lqhtxdolw| frqyhujhv wr 22+,> zlwk
2+,  v
2
4 + . +4 ,,2 > +63,
dqg orqjuxq lqfrph shu fdslwd lv=
oq |+,  oq . +4 , oq o+,1+,
22+,@5
4  = +64,
Uhglvwulexwlrq exw kdv wzr rssrvlqj hhfwv rq orqjuxq lqfrph1 Rq rqh kdqg/ lw uhgxfhv oderu
vxsso| o+,> lw zrxog dovr ghsuhvv vdylqjv/ zhuh lw qrw iru wkh rvhwwlqj hhfw ri frqvxpswlrq wd{hv
dqg lqyhvwphqw vxevlglhv1 Li wkrvh duh iru vrph uhdvrq lqihdvleoh/ rqh vlpso| uhsodfhv U e| U+4,
ru U@+4 . U, lq wkh whup oq = Wkh rwkhu hhfw lv wr doohyldwh wkh plvdoorfdwlrq ri hgxfdwlrq
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uhvrxufhv gxh wr fuhglw frqvwudlqwv= e| uhgxflqj 1+,/ xs wr vrph srlqw/ dv zhoo dv 2+,/ d
srvlwlyh  whqgv wr udlvh |+,= Wkh ghjuhh ri surjuhvvlylw| Wt zklfk pd{lpl}hv orqjuxq rxwsxw lv
hdvlo| vhhq wr= +d, ghfuhdvh zlwk wkh oderu vxsso| hodvwlflw| 4@/ wkh vkduh ri oderu lq surgxfwlrq
/ dqg wkh glvfrxqw idfwru > +e, lqfuhdvh zlwk wkh yduldelolw| ri vkrfnv wr delolw| ru kxpdq zhdowk/
v2= Wkh hhfwv ri  dqg  duh jhqhudoo| dpeljxrxv/ dqg zloo eh h{soruhg txdqwlwdwlyho|1
 Hqgrjhqrxv Jurzwk1 Wkh deryh uhvxowv duh hdvlo| wudqvsrvhg iurp orqjuxq ohyhov wr orqj
uxq jurzwk udwhv/ e| doorzlqj iru nqrzohgjh vslooryhuv lq wkh dffxpxodwlrq ri kxpdq fdslwdo1
Wklv fdq eh grqh lq d khwhurjhqhlw|qhxwudo pdqqhu +wkdw lv/ zlwkrxw lqwurgxflqj dgglwlrqdo
frvwv ru ehqhwv ri uhglvwulexwlrq,/ e| uhsodflqj wkh frqvwdqw  lq +8, zlwk wkh kxpdq fdslwdo
lqgh{ | 
U 
f +k

|,
b gl
*b
= Doo suhylrxv uhvxowv uhpdlq xqfkdqjhg/ zlwk | vlpso| vxevwlwxwhg
iru  hyhu|zkhuh1 Lq vwhdg|vwdwh/ wkh rqo| glhuhqfh lv wkdw wkh ghqrplqdwru lq +64, lv qrz
4   = Iru  . .  @ 4 wkh qxphudwru jlyhv wkh hfrqrp|*v dv|pswrwlf jurzwk udwh/
zklfk ehkdyhv zlwk uhvshfw wr  h{dfwo| dv oq |+, glg lq wkh ruljlqdo vshflfdwlrq146
 Uhglvwulexwlrq lq Vwhdg|Vwdwh1 D wd{ udwh  |lhogv lqhtxdolw| +, lq hduqlqjv/ exw rqo|
+4,+, lq glvsrvdeoh lqfrphv1 Zkhq  lv d udwh ri vfkrro qdqfh surjuhvvlylw|/ dv lq Vhfwlrq 5/
wklv qduurzlqj rshudwhv rqo| rq hgxfdwlrq vshqglqj1 Wr dvvhvv wkh h{whqw ri uhglvwulexwlrq lpsolhg
e| hlwkhu srolf|/ uhfdoo iurp +5:, wkdw wkh wkuhvkrog | vhsdudwlqj orvhuv dqg jdlqhuv lv dozd|v jlyhq
e| oq+|@|, @ +4  ,22+,@5=47 Wklv fruuhvsrqgv wr d udqn lq wkh lqfrph glvwulexwlrq ri
u+,  ^+5 ,+,@5,‘> zkhuh  ghqrwhv wkh f1g1i1 ri d vwdqgdug qrupdo1 Pruhryhu=
Sursrvlwlrq ; Wkh Oruhq} fxuyh iru d orjqrupdo glvwulexwlrq zlwk yduldqfh $2 lv
+u>$, @ 

3+u, $ > iru doo u 5 ^3> 4‘=
Lq wkh vwhdg|vwdwh uhvxowlqj iurp d udwh ri vfdo surjuhvvlylw|  / wkh 4u+, ulfkhvw krxvhkrogv
frqvwlwxwlqj wkh qhw wd{ edvh wkxv hduq
46Wkh uhdvrq zk| wkh deryh ghqlwlrq ri V| lv khwhurjhqhlw|qhxwudo lv wkdw lw djjuhjdwhv lqglylgxdo kxpdq fdslwdo
frqwulexwlrqv zlwk wkh vdph hodvwlflw| ri vxevwlwxwlrq dv wrwdo rxwsxw1 Dowhuqdwlyh vslooryhuv/ hperg|lqj vrfldo frvwv
ru ehqhwv ri khwhurjhqhlw| lq kxpdq fdslwdo lqwhudfwlrqv/ fdq hdvlo| eh ghdow zlwk e| ohwwlqj wkh hodvwlflw| ri
vxevwlwxwlrq lq V| eh/ uhvshfwlyho|/ vpdoohu ru juhdwhu wkdq *E3 1 Vhh Eìqderx +4<<9d,1
47E| orvhuv dqg jdlqhuv L phdq= +l, idplolhv sd|lqj d qhw wd{ dqg wkrvh uhfhlylqj d qhw wudqvihu/ zkhq  ghvfulehv
vfdo srolf|> +ll, idplolhv zkrvh hgxfdwlrq h{shqglwxuhv duh vxevlgl}hg eh|rqg wkh dyhudjh udwh @E dqg wkrvh zkrvh
h{shqglwxuhv duh wd{hg uhodwlyh wr @E/ zkhq  ghvfulehv vfkrro qdqfh srolf|1
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4 +u+,>+ ,, @ 4 ++5 ,+,@5 +,, @  ++,@5, +65,
ri wrwdo suhwd{ lqfrph1 Diwhu uhglvwulexwlrq wkhlu vkduh idoov wr
4 +u+,> +4 ,+,, @ 4 ++5 ,+,@5 +4 ,+,, @  ++,@5,, = +66,
Wkh vkduh ri qhw wudqvihuv lq qdwlrqdo lqfrph lv wkhuhiruh=
e+,  5 ++,@5, 4= +67,
Zkhq uhglvwulexwlrq rffxuv rqo| lq vfkrro h{shqglwxuhv/ wkh wrs 4  u+, idplolhv* vkduhv
ri glvsrvdeoh lqfrph/ frqvxpswlrq dqg shuvrqdo hgxfdwlrq vshqglqj duh jlyhq e| +65,1 Wkh
sursruwlrq ri vfkrro lqsxwv dfwxdoo| doorfdwhg wr wkhlu fkloguhq/ krzhyhu/ lv uhgxfhg wr +66,1 Wkxv
+67, qrz ghvfulehv wkh vkduh ri wkh wrwdo hgxfdwlrqdo exgjhw zklfk lv wudqvihuuhg iurp wkrvh deryh
| wr wkrvh ehorz lw1 Pxowlso|lqj wklv qxpehu e| U wudqvodwhv lw lqwr d shufhqwdjh ri wrwdo lqfrph1
7 D Fulwhulrq ri Djjuhjdwh Hfrqrplf H!flhqf|
Djjuhjdwh lqfrph jurzwk lv lpsruwdqw iurp d pdfurhfrqrplf shuvshfwlyh/ exw surylghv rqo| dq
lqfrpsohwh slfwxuh ri wkh h!flhqf| lpsolfdwlrqv ri uhglvwulexwlyh srolflhv1 Iluvw/ lw rplwv wkh ydoxh
ri ohlvxuh dqg rwkhu qrqpdunhw dfwlylwlhv> wklv frxog eh uhphglhg e| orrnlqj dw wkh djjuhjdwh
frqvxpswlrqohlvxuh exqgoh1 Pruh ixqgdphqwdoo|/ lw idlov wr uh hfw uhglvwulexwlrq*v uroh dv vrfldo
lqvxudqfh= e| wkh odz ri odujh qxpehuv/ lqglylgxdo vkrfnv fdqfho rxw zkhq frpsxwlqj djjuhjdwh
txdqwlwlhv1
Srolflhv duh prvw riwhq hydoxdwhg dffruglqj wr vrph vrfldo zhoiduh fulwhulrq vxfk dv Zf @U 
f oqX

f gl ru Wf 
U 
f X

f gl= Ulvn dqg hruw frqfhuqv duh qrz surshuo| hperglhg/ dqg L vkdoo lqghhg
frpsxwh vxfk xwlolw| djjuhjdwhv1 Exw wkh sureohp lv wkdw zkhuhdv djjuhjdwh lqfrph xqghuhvwlpdwhv
wkh h!flhqf| ydoxh ri uhglvwulexwlrq/ djjuhjdwh zhoiduh ryhuhvwlpdwhv lw1 Ehfdxvh ri wkh frqfdylw|
ri lqglylgxdo xwlolw|/ dq| vxfk xwlolwduldq fulwhulrq ulvhv +nhhslqj oderu vxsso| dqg vdylqjv {hg,
zlwk doo fxuuhqw dqg ixwxuh uhglvwulexwlrqv/ hyhq zkhq wkhuh duh qr vkrfnv wr eh lqvxuhg djdlqvw
dqg qr fuhglwfrqvwudlqhg lqyhvwphqwv lq qhhg ri uhdoorfdwlrq148
48Iru lqvwdqfh/ lq rxu prgho/ hyhq zkhq r ’ f dqg hlwkhu Ekcqb ’ Efc f +qr dffxpxodwlrq, ru k n qb ’ 
+dffxpxodwlrq zlwk frqvwdqw uhwxuqv wr lqyhvwphqw,1
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L vkdoo wkhuhiruh sursrvh dq dowhuqdwlyh phdvxuh ri sxuh djjuhjdwh hfrqrplf h!flhqf|/ zklfk
sxwv }hur ydoxh rq htxlw| ri frqvxpswlrq ru lqfrph shu vh/ dqg lv dhfwhg e| uhglvwulexwlrq rqo| wr
wkh +ixoo, h{whqw wkdw vxfk srolflhv= +l, glvwruw hruw dqg vdylqjv ghflvlrqv> +ll, uhod{ wkh oltxlglw|
frqvwudlqwv zklfk lpshgh jurzwk> +lll, uhgxfh wkh lglrv|qfudwlf ulvn idfhg e| lqglylgxdov1 Wkh
edvlf lghd lv yhu| vlpsoh=
Iluvw/ uhsodfh djhqwv* vwrfkdvwlf frqvxpswlrqv vhtxhqfhv zlwk dssursuldwh fhuwdlqw|htxlydohqwv1
Lq wklv djjuhjdwlrq ryhu vwdwhv/ wkh uhohydqw sdudphwhu lv wkh ghjuhh ri ulvndyhuvlrq1
 Vhfrqg/ djjuhjdwh olqhduo| lqglylgxdov* fhuwdlqw|htxlydohqw frqvxpswlrqv/ zklfk duh wkxv
wuhdwhg dv shuihfw vxevwlwxwhv1 Pruh jhqhudoo|/ zkhq djjuhjdwlqj ryhu lqglylgxdov wkh uhohydqw
sdudphwhu vkrxog eh vrflhw|*v ghjuhh ri lqhtxdolw|dyhuvlrq/ zklfk khuh lv vhw wr }hur1
 Ilqdoo|/ djjuhjdwh ryhu wlph xvlqj djhqwv* frpprq glvfrxqw udwh dqg lqwhuwhpsrudo hodvwlflw|
ri vxevwlwxwlrq1
Wkh srlqw ri wklv frqvwuxfwlrq lv qrw wkdw wklv lv wkh uljkw vrfldo zhoiduh ixqfwlrq/ qru
wkdw vrflhw| vkrxog qrw fduh derxw htxlw|1 Lq idfw/ wkh qh{w vhfwlrq zloo h{solflwo| lqfrusrudwh
lqhtxdolw|dyhuvlrq lqwr wkh dqdo|vlv1 Wkh srlqw lv lqvwhdg wkdw rqh vkrxog eh deoh wr vhsdudwh
h!flhqf| frqfhuqv qdpho|/ wkh h{whqw wr zklfk pdunhw glvwruwlrqv dqg lpshuihfwlrqv duh zruvhqhg
ru lpsuryhg e| srolf| iurp sxuh htxlw| frqfhuqv1 Iru lqvwdqfh/ lqhtxdolw| ri lqlwldo hqgrzphqwv
vkrxog qrw dhfw d phdvxuh ri sxuh h!flhqf|/ xqohvv zhdowk dhfwv dq djhqw*v delolw| wr lqyhvw ru
ehdu ulvn1 Frqyhuvho|/ uhglvwulexwlrqv vkrxog dhfw dq lqgh{ ri wrwdo h!flhqf| rqo| wr wkh h{whqw
wkdw wkh| fkdqjh wkh vl}h ri wkh slh +wkh sdwk ri djjuhjdwh frqvxpswlrq, ru wkh ulvnlqhvv ri
lqglylgxdo volfhv1 Zh vkdoo vhh wkdw wkh lqgh{ sursrvhg deryh kdv wkhvh surshuwlhv/ zkhuhdv qrqh
ri wkh xvxdo +xwlolwduldq, vrfldo zhoiduh ixqfwlrqv/ vxfk dv Zf ru Wf> gr1 +Wkh odwwhu dovr dssolhv
wr vwdqgdug wrwdo frpshqvdwlqj yduldwlrq,1 Wkhvh srlqwv zloo eh hvwdeolvkhg lq wkh frqwh{w ri wkh
suhvhqw prgho/ exw wkh xqghuo|lqj lghd lv fohduo| pruh jhqhudo1
L vkdoo qrz surfhhg wr frpsxwh wkh h!flhqf| fulwhulrq/ irfxvlqj wkh h{srvlwlrq rq uhglvwulex0
wlrq wkurxjk vfdo srolf|1 Wkh fdvh ri uhglvwulexwlyh hgxfdwlrq qdqfh lv yhu| vlplodu> lw lv wuhdwhg
lq wkh dsshqgl{/ dqg wkh pdlq uhvxowv duh suhvhqwhg dw wkh hqg ri wkh qh{w vhfwlrq1
E| Sursrvlwlrq 4/ wkh lqwhuwhpsrudo xwlolw| ri djhqw l lq shulrg }hur fdq eh zulwwhq dv=
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Wkh uvw whup fdswxuhv wkh odvwlqj hhfwv ri glhuhqfhv lq lqlwldo hqgrzphqwv1 Wkh vhfrqg uhsuh0
vhqwv wkh sduw wkdw lv frpprq wr doo djhqwv/ lqfoxglqj oderu vxsso| dqg ulvn frqfhuqv1 Wkh vdph
ohyho ri lqwhuwhpsrudo xwlolw| zrxog fohduo| uhvxow iurp wkh ghwhuplqlvwlf/ ru fhuwdlqw|htxlydohqw
frqvxpswlrq vhtxhqfh if|j"|’f ghqhg e|=
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zlwk xqfkdqjhg hruwv io|j"|’f1 Pruhryhu/ lw lv vkrzq lq wkh dsshqgl{ wkdw f| vlpsolhv wr=
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Lq wkh devhqfh ri vkrfnv/ f| @ f

|=Zkhq u @ 3/ f

| lv wkh vwdqgdug fhuwdlqw|htxlydohqw frqvxpswlrq
jlyhq wlphvhsdudeoh/ orjdulwkplf suhihuhqfhv1 Lq wkh pruh jhqhudo fdvh wkhuh lv dq h{wud whup
zklfk pljkw eh fdoohg +plqxv, wkh uhvroxwlrq suhplxp iru wkh vkrfn |n1
49 Lw lv qhjdwlyh zkhq
wdvwhv idyru hduo| uhvroxwlrq ri xqfhuwdlqw| +u ? 3,> srvlwlyh lq wkh uhyhuvh fdvh1
Wkh qh{w vwhs lv wr frpsxwh wrwdo fhuwdlqw|htxlydohqw frqvxpswlrq/ wkhq Hf lwvhoi1
Ghqlwlrq 4 Ohw F| 
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| gl= Wkh djjuhjdwh h!flhqf| ri d wd{ vhtxhqfh i |j"|’f lv ghqhg dv=
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Jlyhq wzr srolflhv i |j"|’f dqg i |j"|’f/ HfHf fdq wkxv eh h{suhvvhg dv d shufhqwdjh glhuhqfh
lq wrwdo frqvxpswlrq1 Wkh orjqrupdolw| ri wkh f| *v pdnhv lw hdv| wr frpsxwh
F|/ dqg rewdlq=
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4: Wkxv Hf glhuv iurp djjuhjdwh zhoiduh e| d whup zklfk lqfuhdvhv
zlwk f dqg ghfolqhv zlwk doo suhvhqw dqg ixwxuh udwhv ri uhglvwulexwlrq1 Dv vkrzq ehorz/ wklv
dgmxvwphqw holplqdwhv doo hhfwv ri lqhtxdolw| h{fhsw wkrvh uhodwlqj wr h!flhqf| yld pdunhw lqfrp0
sohwhqhvv/ vr wkdw Hf lqghhg vdwlvhv surshuwlhv +l, wr +lll, srvwxodwhg hduolhu1 Wkhvh uhvxowv dsshdu
49Wkdw vkrfn kdv yduldqfh r2 dqg dhfwv wkh djhqw wkurxjk |nc zklfk hqwhuv wkh lqwhuwhpsrudo xwlolw| L
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prvw fohduo| zlwk wlphlqyduldqw srolflhv/ exw duh hvwdeolvkhg pruh jhqhudoo| lq wkh dsshqgl{1
Sursrvlwlrq < +d, Wkh djjuhjdwh h!flhqf| ri d frqvwdqw udwh ri surjuhvvlyh wd{dwlrq  htxdov=
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f,> Hf lv pd{lpl}hg dw vrph vwulfwo| srvlwlyh 
W
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Wkh lqwhusuhwdwlrq lv vlpsoh1 Wkh uvw whup/ zklfk uhgxfhv wr oq |+,  +o+,,# lq vwhdg|
vwdwh/ fdswxuhv wkh hhfwv ri uhglvwulexwlrq rq wkh sdwk ri wrwdo rxwsxw/ qhw ri hruw1 Wkhvh rshudwh
wkurxjk lwv lq xhqfh rq wkh doorfdwlrq ri lqyhvwphqw dqg rq oderu vxsso| +soxv srvvleo| rq vdylqjv/
li U lv uhsodfhg e| +,,/ dqg zhuh glvfxvvhg hduolhu1 Dgglqj wkh vhfrqg whup |lhogv wkh xwlolw|
ghulyhg e| d fwlwlrxv uhsuhvhqwdwlyh djhqw iurp djjuhjdwh frqvxpswlrq dqg ohlvxuh1 Pruh qryho
lv wkh odvw whup/ zklfk phdvxuhv wkh glvxwlolw| zklfk djhqwv vxhu iurp xqlqvxuhg lglrv|qfudwlf
vkrfnv ru frqyhuvho|/ wkh lqvxudqfh dqg xqfhuwdlqw|uhvroxwlrq ydoxh ri uhglvwulexwlrq1 Wklv ulvn
suhplxp lv dozd|v srvlwlyh/ khqfh plqlpl}hg iru  @ 4> lw lv odujhu/ wkh juhdwhu lv djhqwv* ulvn
dyhuvlrq 4  u= Sduw +e, ri wkh sursrvlwlrq lv dovr txlwh lqwxlwlyh= vwduwlqj iurp  @ 3 / d vpdoo
wd{ lqfuhdvh jhqhudwhv rqo| vhfrqgrughu orvvhv iurp oderu +dqg srvvleo| vdylqjv, glvwruwlrqv> exw
gxh wr pdunhw iulfwlrqv lw |lhogv d uvwrughu jdlq lq lqvxudqfh dqg lq wkh doorfdwlrq ri lqyhvwphqw
uhvrxufhv dfurvv glhuhqwldoo| fuhglwfrqvwudlqhg idplolhv1
Ilqdoo|/ qrwh wkdw Hf lv lqghshqghqw ri wkh glvwulexwlrq ri lqlwldo hqgrzphqwv 
2
f/ h{fhsw wr
wkh h{whqw wkdw lw dhfwv wkh suhvhqw ydoxh ri wrwdo rxwsxw/ wkurxjk dffxpxodwlrq1 Htxdwlrq
+6:, pdnhv fohdu wkdw vxfk lv qrw wkh fdvh ri Zf= Lw dovr vkrzv wkdw wkh phgldq yrwhu/ zkrvh
lqwhuwhpsrudo xwlolw| lv Zf> zrxog dozd|v fkrrvh wd{hv h{fhhglqj wkh h!flhqw ohyho1
8 H!flhqf|/ Htxdolw|/ dqg Vrfldo Zhoiduh
L qrz h{whqg wkh suhfhglqj uhvxowv wr vrfldo zhoiduh lqglfhv zklfk lqfrusrudwh erwk h!flhqf|
dqg htxlw| frqfhuqv1 Wkh surfhgxuh lv wkh vdph dv iru frqvwuxfwlqj Hf> h{fhsw wkdw lqglylgxdo
fhuwdlqw|htxlydohqwv duh djjuhjdwhg zlwk dq lqwhushuvrqdo hodvwlflw| ri vxevwlwxwlrq  B 3> zkrvh
lqyhuvh 4@ phdvxuhv vrflhw|*v ghjuhh ri lqhtxdolw|dyhuvlrq +dv lq Dwnlqvrq +4<:3,,=
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L zloo dovr frpsxwh pruh vwdqgdug vrfldo zhoiduh ixqfwlrqv/ zklfk duh djjuhjdwhv ri +lqwhuwhpsrudo,
xwlolwlhv udwkhu wkdq ulvndgmxvwhg frqvxpswlrqv1 Wkhvh kdyh wkh fohduo| ghvludeoh surshuw| wkdw
pd{lpl}lqj vxfk d fulwhulrq hqvxuhv Sduhwr h!flhqf|1 Rq wkh rwkhu kdqg/ lw zloo eh vhhq wkdw wkh|
fdq qrw glvwlqjxlvk ehwzhhq wkh hhfwv ri srolf| zklfk rshudwh wkurxjk lwv uroh dv d vxevwlwxwh iru
plvvlqj pdunhwv/ dqg wkrvh zklfk uh hfw dq lpsolflw htxlw| frqfhuq1
Ghqlwlrq 5 Iru dq|  5 U> ghqh wkh wzr vrfldo zhoiduh lqglfhv=
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Wkh orjqrupdolw| ri wkh f|*v pdnhv lw djdlq vwudljkwiruzdug wr frpsxwh hdfk
F|+,/ khqfh
Vf+,=
4; Dv wr Wf+,> lw lv hdvlo| rewdlqhg e| uhfdoolqj wkdw oqX | @ Y|+oq k
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Sursrvlwlrq 43 Wkh vrfldo zhoiduh ohyhov uhvxowlqj iurp d wd{ vhtxhqfh i |j"|’f duh htxdo wr=
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Wkh uvw uhvxow/ wrjhwkhu zlwk +6:,/ lpsolhv wkdw Vf+, fdq eh qdwxudoo| ghfrpsrvhg lqwr
h!flhqf| dqg htxlw| frqfhuqv/ zlwk wkh odwwhu*v lqwhqvlw| ehlqj sdudphwul}hg e| 4@ =
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E| frqwudvw/ wkhuh lv qr ydoxh ri  iru zklfk wkh xwlolw|edvhg fulwhulrq Wf+, grhv qrw uhzdug
htxlw| shu vh1 Dowkrxjk Wf+, fdq dovr eh ghfrpsrvhg lqwr djjuhjdwh h!flhqf| dqg d sxuh
vrfldo frvw ri lqhtxdolw|/ wkh odwwhu qrz kdv wzr frpsrqhqwv= Wf+, @ Hf  +Wf+4, Wf+,, 
+Vf+4, Wf+4,, = Wkh uvw frvw ri lqhtxdolw| +dqg ehqhw ri uhglvwulexwlrq, dulvhv qdwxudoo| iurp
vrflhw|*v dyhuvlrq wr glvsdulwlhv lq zhoiduh> jlyhq d frqvwdqw > lw lv sursruwlrqdo wr +4,222f@5=
Wkh vhfrqg rqh/ sursruwlrqdo wr +4  ,222f@5> dulvhv phfkdqlfdoo| dqg lqhylwdeo| iurp wkh
frqfdylw| ri lqglylgxdo suhihuhqfhv14<
Wkh qdo revhuydwlrq lv wkdw wkh xwlolwduldq fulwhulrqZf ehorqjv wr erwk idplolhv ri lqglfhv/ dqg
wkhuhiruh frpelqhv wkhlu wzr ghqlqj surshuwlhv= h{dfw ghfrpsrvdelolw| dqg Sduhwrfrpsdwlelolw|1
Exw lw duelwudulo| htxdwhv vrflhw|*v ghjuhh ri lqhtxdolw| dyhuvlrq 4@/ qrw hyhq zlwk lqglylgxdov*
ulvn dyhuvlrq 4u> zklfk pljkw shukdsv pdnh vhqvh lq dq h{dqwh yhlori0ljqrudqfh shuvshfwlyh/
exw zlwk wkh lqyhuvh ri wkhlu +xqlwdu|, lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1
Lq vwxg|lqj h!flhqf| dqg lwv uhodwlrq wr djjuhjdwh rxwsxw dqg vrfldo zhoiduh/ L kdyh vr idu
frqfhqwudwhg rq srolflhv ri lqfrph uhglvwulexwlrq1 Wkh fdvh ri surjuhvvlyh hgxfdwlrq qdqfh lv
wuhdwhg vlploduo| lq Vhfwlrq F ri wkh dsshqgl{/ zkhuh L vkrz=
Sursrvlwlrq 44 Wkh hfrqrplf h!flhqf| dqg vrfldo zhoiduh lqglfhv Hf> Vf+, dqg Wf+, uhvxowlqj
iurp d vhtxhqfh ri hgxfdwlrq qdqfh surjuhvvlylw| udwhv i |j"|’f duh jlyhq e| wkh vdph h{suhvvlrqv
dv lq htxdwlrqv +6:,+73, dqg Sursrvlwlrqv <43/ h{fhsw wkdw wkh whupv +4  |,2 dqg +4 ,2 duh
uhsodfhg e| 4=
Wkh devhqfh ri wkh whupv lq +4 |,2 uh hfwv/ rqfh djdlq/ wkh idfw wkdw sduhqwdo frqvxpswlrq lv
qrw h{sursuldwhg1 Wklv zdv vkrzq wr uhgxfh erwk lqwud dqg lqwhuwhpsrudo glvwruwlrqv/ frpsduhg
wr wkh fdvh ri lqfrph wd{hv1 Wkh frxqwhusduw/ dv pdgh fohdu e| Sursrvlwlrq 44/ lv wkdw uhglvwulex0
4<Uhfdoo wkdw L f ’ E

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T3e3T3 *?63n‘3 / zlwk Tf M dfc o Wkh idfw wkdw 7fE"3AfE" lv lqghhg d srvlwlyh zhoiduh
frvw +zkhwkhu ru qrw 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wlrqdo hgxfdwlrq qdqfh rhuv ohvv ulvnvkdulqj1 Iru lqvwdqfh/ zlwk lqfrph wd{dwlrq  @ 4 |lhogv
ixoo frqvxpswlrq lqvxudqfh +khqfh Hf @ +4,
S
"
|’f 
|^oq ||+o|,#,‘. oq+4U,,> exw zkhq rqo|
hgxfdwlrqdo lqsxwv duh htxdol}hg/ lqglylgxdov idplolhv uhpdlq h{srvhg wr vljqlfdqw ulvn 1
9 Txdqwlwdwlyh Dqdo|vlv
Wkdw uhglvwulexwlrq pd| jhqhudwh rxwsxw dqg h!flhqf| jdlqv zkhq lqvxudqfh dqg fuhglw pdunhwv
duh lqfrpsohwh kdv ehhq xqghuvwrrg iru txlwh vrph wlph1 \hw wkhuh kdv ehhq olwwoh dwwhpsw wr
hydoxdwh wkh vl}h ri wkhvh jdlqv dqg frpsduh wkhp wr wkh orvvhv iurp glvwruwlrqdu| wd{dwlrq1 Wzr
qrwdeoh h{fhswlrqv duh Lqpdq +4<:;, dqg Ihuqdqgh} dqg Urjhuvrq +4<<;,1 Lqpdq h{dplqhv krz
glhuhqw hgxfdwlrq qdqfh vfkhphv dhfw d vrfldo zhoiduh ixqfwlrq lq d vwdwlf prgho1 Fdoleudwlqj
dq ryhuodsslqj jhqhudwlrqv prgho zlwk hgxfdwlrqdo ehtxhvwv wr X1V1 gdwd/ Ihuqdqgh} dqg Urjhuvrq
+4<<;, qg wkdw prylqj iurp orfdo wr vwdwh qdqfh zrxog lqfuhdvh vwhdg|vwdwh rxwsxw e| derxw
6(1 Lq erwk prghov wkh glvwruwlrqv lqgxfhg e| uhglvwulexwlyh srolflhv dhfw xwlolwlhv exw qrw
lqfrphv/ dv wkhuh lv qr oderu vxsso| ru shuvrqdo vdylqjv ghflvlrq1 Dovr devhqw duh idplo| ru vrfldo
lqsxwv lqwr hgxfdwlrq/ zklfk zhuh vhhq hduolhu wr srwhqwldoo| uhgxfh wkh h!flhqf| ri uhglvwulexwlyh
vfkhphv +dqg dovr fohduo| pdwwhu iru prelolw|,1 Qhlwkhu lv wkhuh dq| uroh iru lqvxudqfh/ zklfk kdv
wkh uhyhuvh hhfw1
Wkh suhvhqw iudphzrun lqfrusrudwhv wkhvh hohphqwv lqwr d pruh frpsuhkhqvlyh dqdo|vlv ri
wkh h!flhqf| frvwv dqg ehqhwv ri uhglvwulexwlrq/ eh lw vfdo ru hgxfdwlrqdo1 Jlyhq wkh prgho*v
vlpsolflw| dqg wkh idfw wkdw wkh hpslulfdo olwhudwxuh surylghv rqo| lpsuhflvh hvwlpdwhv ri fhuwdlq
nh| sdudphwhuv/ krzhyhu/ wkh uhvxowv vkrxog vwloo eh uhdg dv d rqo| eurdg dvvhvvphqw ri wkh pdlq
wudghrv1 Wzr srlqwv lq sduwlfxodu vkrxog eh nhsw lq plqg1 Rq rqh kdqg/ fuhglw dqg lqvxudqfh
pdunhwv duh frpsohwho| devhqw iurp wkh prgho/ udwkhu wkdq vlpso| lpshuihfw> wkhuh lv dovr qr
suhfdxwlrqdu| vdylqjv1 Wkhvh idfwruv doo whqg wr ryhuvwdwh wkh ehqhwv ri uhglvwulexwlrq/ vr L
zloo frpshqvdwh e| xvlqj frqvhuydwlyh ydoxhv iru djhqwv* ulvndyhuvlrq dqg wkh hhfwlyhqhvv ri
hgxfdwlrqdo h{shqglwxuhv1 Rq wkh rwkhu kdqg/ e| irfxvlqj rq wkh h!flhqf| fulwhulrq Hf rqh
devwudfwv iurp pdq| srwhqwldo vrxufhv ri orvvhv iurp lqhtxdolw|1 Wkhvh lqfoxgh ri frxuvh sxuh
htxlw| frqfhuqv vxfk dv wkrvh hperglhg lq vwdqgdug vrfldo zhoiduh ixqfwlrqv/ exw dovr surgxfwlrq
frpsohphqwdulwlhv +dv lq Wdpxud +4<<5, ru Eìqderx +4<<9d,,/ srolwlfdo lqvwdelolw|/ fulph dqg rwkhu
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irupv ri uhqwvhhnlqj1 Wkhvh rplvvlrqv doo whqg wr xqghuvwdwh wkh ehqhwv ri uhglvwulexwlrq153
914 Sdudphwhu Ydoxhv
 Surgxfwlrq1 Wkh vkduhv  dqg  ri kxpdq fdslwdo dqg oderu duh ghwhuplqhg e| pd{lpl}lqj rxw
sk|vlfdo fdslwdo/ zklfk lv qrw vxemhfw wr eruurzlqj frqvwudlqwv/ iurp d wkuhhidfwru surgxfwlrq
ixqfwlrq154 Wklv iroorzv Eduur/ Pdqnlz dqg VdodlPduwlq +4<<8, dqg/ olnh wkhp/ L xvh wkh vkduhv
hvwlpdwhg e| Mrujhqvhq/ Jroors dqg Iudxphql +4<;:,= 18 iru kxpdq fdslwdo/ 16 iru sk|vlfdo fdslwdo/
dqg 15 iru oderu1 Wklv |lhogv  @ =8@=; @ =958 dqg  @ =6@=; @ =6:8=
 Dffxpxodwlrq1 Prvw hvwlpdwhv ri lqwhujhqhudwlrqdo shuvlvwhqfh s+,   . +4  , udqjh
iurp derxw =6 wr =88 +Vrorq +4<<5,/ ]lpphupdq +4<<5,/ Frrshu/ Gxuodxi dqg Mrkqvrq +4<<9,,1
Pxooljdq +4<<8, qgv ydoxhv ri 18 wr 1: iru idplo| lqfrph/ dqg xs wr 1; iru frqvxpswlrq1 L vhw
 @ =68 dqg  @ =7> zklfk doorzv s+, wr udqjh iurp =68 wr =93= Wkh fkrvhq ydoxh ri  lpsolhv dq
hodvwlflw| ri fkloguhq*v lqfrph wr hgxfdwlrq h{shqglwxuhv ri  @ =58= Wklv lv voljkwo| deryh wkh
ydoxh ri =4< xvhg e| Ihuqdqgh} dqg Urjhuvrq +4<<;,/ exw zhoo ehorz wkrvh ri =68 dqg =78 xvhg e|
Khqgulfnv +4<<;, dqg Mrqhv/ Pdqxhool dqg Urvvl +4<<6,/ uhvshfwlyho|155 Ihuqdqgh} dqg Urjhuvrq
edvh wkhlu fkrlfh rq wkh vwxglhv ri Fdug dqg Nuxhjhu +4<<5,/ Mrkqvrq dqg Vwdrug +4<:6, dqg
Zdfkwho +4<:9,/ zklfk doo lpso| hodvwlflwlhv ri derxw =5= Khqgulfnv dsshdov wr wkh hvwlpdwhv ri
Kdoh| +4<:9, dqg Khfnpdq +4<:9,1 Lq d uhfhqw vwxg| xvlqj klvwrulfdo gdwd rq XV Vwdwhv/ Wdpxud
+4<<;, qgv wkh hodvwlflw| ri lqfrph wr vfkrro h{shqglwxuhv wr eh dw ohdvw =71 Jlyhq lwv fulwlfdo uroh
lq wkh dffxpxodwlrq ri kxpdq fdslwdo/  zloo eh doorzhg wr ydu| iurp 3 wr =7 lq wkh vhqvlwlylw|
dqdo|vlv1
 Lqhtxdolw|1 Jlyhq  dqg > wkh yduldelolw| ri lglrv|qfudwlf vkrfnv ghwhuplqhv wkh ihdvleoh
udqjh iru vwhdg|vwdwh lqhtxdolw|= +, 5 ^v@s42> v@s4 +. ,2‘= Li rqh dssur{l0
pdwhv wkh XV glvwulexwlrq ri idplo| lqfrphv dv d orjqrupdo/ wkh phdqwrphgldq udwlr lpsolhv
53Vr zloo wkh idfw wkdw wkh vlpxodwlrqv irfxv +iru vlpsolflw|, rq vwhdg|vwdwhv1 Sursrvlwlrq < vkrzhg wkdw/ iru dq|
lqlwldo frqglwlrqv E6fc{
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54Vhh irrwqrwh 91 Qrwh wkdw vlqfh wkh rswlpdo dprxqw ri sk|vlfdo fdslwdo xvhg e| djhqw  lv sursruwlrqdo wr wkh
uhgxfhgirup qhw rxwsxw +| ’

|
b 
,|
>
c vr lv jurvv rxwsxw iurp wkh wkuhh idfwruv= +|*t

| ’ 3/
 ’ +|*t|1
55Dv lv zhoonqrzq/ wkh hhfw ri +pdujlqdo, yduldwlrqv lq vfkrro h{shqglwxuhv rq hgxfdwlrqdo dqg oderu pdunhw
rxwfrphv lv wkh vxemhfw ri vljqlfdqw hpslulfdo frqwuryhuv|1 Wkh wudglwlrqdo ylhz wkdw wkhuh lv olwwoh ghprqvwudeoh
hhfw dw wkh hohphqwdu| dqg vhfrqgdu| ohyhov lv uhsuhvhqwhg e| Kdqxvkhn +4<;9,1 Lq d uhfhqw dqg eurdghu phwd
dqdo|vlv/ Ghzh|/ Kxvwhg dqg Nhqq| +4<<;, surylgh hylghqfh wkdw wkh odfn ri vljqlfdqw srvlwlyh hvwlpdwhv lv odujho|
wkh uhvxow ri v|vwhpdwlf hfrqrphwulf plvvshflfdwlrq lq pdq| hduolhu vwxglhv1
55
d vwdqgdug ghyldwlrq ri orjlqfrphv ri derxw =94 lq wkh 4<<3 Fhqvxv dqg =9< lq wkdw ri 4<<81
Frpsxwlqj wkh yduldqfh gluhfwo| iurp gdwd rq wkh ghfloh lqfrph glvwulexwlrq ohdgv wr kljkhu ydo0
xhv/ ehwzhhq =:8 +4<<3 Fhqvxv, dqg 4=4 +vfdo gdwd ri Elvkrs/ Irupe| dqg Vplwk +4<<4,,1 L vhw
v @ 4=3> vr wkdw wkh ihdvleoh udqjh iru vwhdg|vwdwh lqhtxdolw| lv ^= 9: > = :;‘1
 Oderu Vxsso|1 D vpdoo qxpehu ri plfurhfrqrplf vwxglhv/ vxuyh|hg lq Eurzqlqj/ Kdqvhq
dqg Khfnpdq +4<<;,/ surylgh gluhfw hvwlpdwhv ri wkh lqwhuwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/
  4@+  4,1 Ydoxhv iru pdohv ydu| ehwzhhq 3 dqg =73> zlwk d phgldq ri derxw =53> wkh vroh
vwxg| rq ihpdoh sduwlflsdwlrq |lhogv d ydoxh ri 4=9= Doo vxfk hvwlpdwhv/ krzhyhu/ duh suhglfdwhg
rq wkh dvvxpswlrq ri d iulfwlrqohvv fuhglw pdunhw zklfk lv suhflvho| wkh rqh zh ghsduw iurp1
Lqwudwhpsrudo hodvwlflwlhv duh qrw vxemhfw wr wklv sureohp/ dqg dovr pruh frqvlvwhqw zlwk wkh suhvhqw
irfxv rq olihwlph rxwfrphv dqg vwhdg|vwdwhv1 Furvv0vhfwlrqdo hvwlpdwhv ri wkh frpshqvdwhg oderu
vxsso| hodvwlflw| iru phq duh vxuyh|hg e| Dvkhqihowhu +4<;7, dqg Shqfdyho +4<;9,> wkh| w|slfdoo|
ydu| durxqg =43= Iru zrphq/ Nloolqjvzruwk dqg Khfnpdq*v +4<;9, vxuyh| lqfoxghv erwk kljk
dqg lqvljqlfdqw ydoxhv/ zlwk d phgldq ri derxw =76= Lq ylhz ri erwk lqwhu0 dqg lqwud0whpsrudo
hvwlpdwhv L fkrrvh d uhihuhqfh ydoxh ri  @ =53/ exw lq wkh vhqvlwlylw| dqdo|vlv L zloo h{soruh wkh
ixoo udqjh iurp  @ 3 wr  @4=56 Dv wr wkh frh!flhqw rq oderu glvxwlolw| o# > lw fdq eh qrupdol}hg
wr  @ 4 zlwkrxw orvv ri jhqhudolw|1
 Glvfrxqwlqj1 Wkh vwdqgdug glvfrxqw idfwru xvhg lq pdfurhfrqrplf prghov lv dssur{lpdwho|
=<9 shu |hdu/ zklfk frpsrxqgv wr =<92D @ =69 shu jhqhudwlrq +58 |hduv,1 Krzhyhu/ wklv frpsxwd0
wlrq lv txlwh vhqvlwlyh wr wkh fkrlfh ri wkh dqqxdo ydoxh= =<:2D @ =7:> zkloh =<;2D @ =93= L vhw  @ =7
lq wkh uhihuhqfh fdvh/ wkhq ohw lw ydu| ehwzhhq =5 dqg =;1
 UlvnDyhuvlrq1 Iru wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq 4  u> L irfxv rq wzr ydoxhv ri
lqwhuhvw1 Wkh uvw lv 4/ zklfk fruuhvsrqgv wr wkh lqwhuwhpsrudoo| vhsdudeoh orjxwlolw|1 Wkh vhfrqg
lv 5> zklfk lv d pruh vwdqgdug hvwlpdwh ri ulvn0dyhuvlrq/ |hw vwloo rq wkh frqvhuydwlyh vlgh1 Lq wkh
vhqvlwlylw| dqdo|vlv 4 u zloo ydu| iurp }hur +vwdwlf ulvnqhxwudolw|, wr 7=
L uhsruw wkurxjk d vhulhv ri judskv wkh vlpxodwlrqv iru vwhdg|vwdwh rxwsxw oq |+,/ xwlolw| iurp
56Jlyhq wkh xwlolw| ixqfwlrq +5,/ wkh xqfrpshqvdwhg hodvwlflw| iru d zdjh  dqg qrqzdjh lqfrph - lv l ’
-*EE#3 -n #,c dqg wkh pdujlqdo surshqvlw| wr hduq rxw ri qrqzdjh lqfrph lv 6Re ’ 3,*EE#3 -n #,
Frqyhuvho|/ zh fdq zulwh " ’ *E#3  ’ lS* d n6Reo c zkhuh lS ’ l n6Re lv wkh frpshqvdwhg hodvwlflw|1 Wkxv
w|slfdo ydoxhv vxfk dv lS E 36Re M dfc 2fo |lhog " lq wkh udqjh dc 2Do Iru lqvwdqfh/ lS ’  lq Oxfdv* +4<<3,
sdudphwul}dwlrq/ dqg lS ’ b lq wkdw ri Khqgulfnv +4<<;,1
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djjuhjdwh frqvxpswlrq dqg ohlvxuh oq }+,  oqF+,+o+,,# > h!flhqf| H+,/ dqg zhoiduh Z +,>
doo duh phdvxuhg dv ghyldwlrqv iurp wkhlu ydoxhv xqghu odlvvh}idluh + @ 3,1 Wkh irxu ixqfwlrqv
duh dozd|v vlqjohshdnhg/ zlwk pd{lpd dw Wt ? 
W
~ ? 
W
. ? 
W
‘ = L dovr judsk qhw wudqvihuv
e+,> lqwhujhqhudwlrqdo prelolw| s+,/ lqfrph lqhtxdolw| +,> oderu vxsso| o+,> sulydwh vdylqjv
+,/ dqg wkh frpelqdwlrq ri frqvxpswlrq wd{hv dqg lqyhvwphqw vxevlglhv ++,> d+,, uhtxluhg
wr uhvwruh wkh udwh ri dffxpxodwlrq wr lwv xqglvwruwhg ohyho U= Ilqdoo|/ Wdeohv L dqg LL vkrz krz
wkh rswlpdo uhglvwulexwlrq udwhv +Wt > 
W
-> 
W
. > 
W
‘ , ydu| zlwk  dqg 1 Wklv h{whqvlyh vhqvlwlylw|
dqdo|vlv dovr doorzv uhdghuv wr uhsodfh rxu ehqfkpdun ydoxhv iru wkhvh wzr nh| sdudphwhuv zlwk
wkhlu suhihuuhg rqhv1
915 Ilvfdo Uhglvwulexwlrq= Ehqfkpdun Fdvh
 Lqfrph1 Iljxuhv 4d dqg 5d vkrz wkdw pd{lpxp shu fdslwd lqfrph rffxuv dw Wt @ 53=<(> zklfk
fruuhvsrqgv wr d vkduh ri qhw wudqvihuv lq JGS ri e+Wt , @ 9=5(1 Wkh rxwsxw jdlq zlwk uhvshfw
wr odlvvh}idluh lv 4=6(> uhsuhvhqwlqj wkh edodqfh ri d 5=:( vkruwidoo gxh wr wkh idfw wkdw djhqwv
uhgxfh krxuv e| 7=7( +Iljxuh 5f,/ dqg d 8=3( lqfuhdvh iurp uhod{lqj wkh oltxlglw| frqvwudlqwv ri
srruhu idplolhv1 Lq d uhsuhvhqwdwlyh djhqw vhwwlqj +v2 @ 3, rqo| wkh uvw/ qhjdwlyh/ hhfw zrxog eh
suhvhqw1 Iljxuhv 5g dqg 5h vkrz wkdw wkh vdylqjv glvwruwlrq lv ixoo| rvhw e| d frqvxpswlrq wd{
ri 5=:(/ xvhg wr qdqfh d 59=7( vxevlg| iru kxpdq fdslwdo lqyhvwphqw157 Ilqdoo|/ qrwh wkdw lq
wkh hqgrjhqrxv jurzwk yhuvlrq ri wkh prgho wkh 4=6( qhw jdlq lq orqj uxq lqfrph ehfrphv d 3=8
shufhqwdjh srlqw ulvh lq wkh orqj uxq jurzwk udwh1
 H!flhqf|1 Zlwk 4u @ 4 wrwdo h!flhqf| lv pd{lpl}hg dw W. @ 7;=8(> zklfk fruuhvsrqgv wr
d wudqvihu vkduh e+W., @ 46=:( +Iljxuhv 4d dqg 5d,1 Wkh jdlq uhodwlyh wr  @ 3 lv wkh vdph dv zrxog
uhvxow iurp dq lqfuhdvh lq hyhu| djhqw*v frqvxpswlrq ri <=9(= Wkh dfwxdo hhfw ri W. rq djjuhjdwh
uhvrxufhv/ krzhyhu/ lv d ghfolqh ri 3=<( +:=7( iurp ghfuhdvhg oderu vxsso| yhuvxv .9=8( iurp
wkh uhod{dwlrq ri fuhglw frqvwudlqwv,1 Exw wklv lv pruh wkdq rvhw e| wkh 45=4( uhgxfwlrq lq hruw/
zruwk d 6=9( lqfuhdvh lq frqvxpswlrq/ dqg hvshfldoo| e| wkh ydoxh ri lqvxudqfh/ htxlydohqw wr
dqrwkhu 9=;( ri djjuhjdwh frqvxpswlrq1 Qhxwudol}lqj wkh vdylqjv glvwruwlrq qrz uhtxluhv d 9=7(
frqvxpswlrq wd{ dqg d <7=6( vxevlg| iru kxpdq fdslwdo lqyhvwphqw1
57Wkh hfrqrp|*v lqyhvwphqw udwh wkhq uhpdlqv dw U ’ SI ri djjuhjdwh lqfrph qhw ri sk|vlfdo fdslwdo*v uh0
pxqhudwlrq/ zklfk fruuhvsrqgv wr UE 3 / ’ H I ri wrwdo idfwru lqfrph1 Devhqw wkh fruuhfwlyh srolf| pl{/ wkh
ghfolqh lq vdylqjv zrxog uhgxfh djjuhjdwh rxwsxw e| EbqE3k3 qb3 *? EDEWt *U ’ eSI
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Iljxuhv 4d4e dovr looxvwudwh rqh ri wkh prvw lpsruwdqw uhvxowv/ qdpho| wkh uhodwlrqvkls eh0
wzhhq djjuhjdwh lqfrph/ hfrqrplf h!flhqf|/ dqg d xwlolwduldq vrfldo zhoiduh ixqfwlrq1 Lq dgglwlrq
wr wkh xwlolw| iurp ohlvxuh/ wkh yhuwlfdo glvwdqfh ehwzhhq wkh oq |+, dqg H+, fxuyhv phdvxuhv
wkh lqvxudqfh ydoxh ri wd{dwlrq/ zklfk lqfuhdvhv zlwk ulvn dyhuvlrq 4 u= Wkh dgglwlrqdo glvwdqfh
ehwzhhq H+, dqg Z +, uh hfwv wkh sxuh htxlw| ydoxh ri uhglvwulexwlrq/ iru d ghjuhh ri lqhtxdolw|
dyhuvlrq 4@ @ 41 Pruh jhqhudoo|/ hdfk ydoxh ri 4@ A 3 ghqhv d vrfldo zhoiduh ixqfwlrq V+,
deryh H @ V+4,=
 Lqhtxdolw| dqg Prelolw|1 Iljxuh 5e sorwv lqwhujhqhudwlrqdo shuvlvwhqfh dqg furvvvhfwlrqdo
lqfrph lqhtxdolw|1 Jrlqj iurp odlvvh}idluh wr Wt @ 53=;( uhgxfhv s+, iurp =93 wr =88/ dqg d
ixuwkhu lqfuhdvh wr W. @ 7;=8( eulqjv lw grzq wr =7;= Htxlydohqwo|/ wkh dqqxdo frqyhujhqfh udwh
ulvhv iurp 5=3( wr 5= 7( dqg wkhq 5=<(1 Wkh hhfw rq orqjuxq lqhtxdolw| lv vlplodu= dv  ulvhv
iurp }hur wr Wt dqg wkhq wr 
W
. / +, uvw idoov iurp =:; wr =:8> wkhq wr =:41
 Uhglvwulexwlrq1 Wr dvvhvv wkh h{whqw ri uhglvwulexwlrq lpsolhg e| glhuhqw ydoxhv ri  / uhfdoo
wkdw lw lv dovr wkh +lqfrphzhljkwhg, dyhudjh pdujlqdo wd{dqgwudqvihu udwh1 Iru wd{hv dorqh/
wkh zhljkwhg pdujlqdo udwh lq wkh XV ydulhv ehwzhhq 56( lq wkh odwh 4<:3*v dqg 4:( lq wkh odwh
4<;3*v158 Wkhuh lv qr uhdglo| dydlodeoh gdwd rq wkh lqflghqfh ri wudqvihuv/ exw wkhvh duh w|slfdoo|
glvwulexwhg pxfk pruh surjuhvvlyho| wkdq wd{hv1 D pruh uhohydqw udqjh iru wkh wuxh ydoxh ri 
frxog wkxv eh ehwzhhq =6 dqg =7> lpso|lqj Wt ?  ? 
W
. 1
59 Dqrwkhu zd| wr phdvxuh uhglvwulexwlrq
lv wr orrn dw qhw wudqvihuv1 Lq wkh Xqlwhg Vwdwhv wkh vkduh ri wudqvihuv lq JGS lv derxw 49( wr
4;(/ exw rqo| derxw kdoi duh jhqxlqho| uhglvwulexwlyh> wkh rwkhu kdoi frqvlvwv ri vrfldo vhfxulw|
dqg phglfduh sd|phqwv1 Lq wkh prgho/ zlwk Wt @ 53=;( wkh fxwr | ehwzhhq orvhuv dqg jdlqhuv
rffxuv dw wkh :8wk shufhqwloh/ zkhuh idplo| lqfrph lv 4=58 wlphv wkh dyhudjh/ ru 4=98 wlphv wkh
phgldq1 Wkh wrs 58( krxvhkrogv hduq 86=4( ri wrwdo suhwd{ lqfrph/ exw diwhu uhglvwulexwlrq
wkhlu vkduh idoov wr 79=4(=5: Qhw wudqvihuv wkxv uhsuhvhqw e+Wt , @ 9=5( ri qdwlrqdo lqfrph> vhh
58Wkhvh duh w|slfdo hvwlpdwhv uhsruwhg e| Hdvwhuo| dqg Uhehoor +4<<6, dqg Jrxyhld dqg Vwudxvv +4<<7,1 Xvlqj
wkh lqfrph wd{ gdwd e| ghfloh uhsruwhg e| Elvkrs/ Irupe| dqg Vplwk +4<<4,/ L frpsxwhg wkdw vdph qxpehu dqg
djdlq irxqg ydoxhv ri 2I wr 2eI iru 4<:< dqg .I wr bI iru 4<;;1
59Iru lqvwdqfh/ Odpehuw +4<<6/ fkdswhu 43, frpsxwhv dq lqgh{ ri surjuhvvlylw| ri wkh X1V1 qhw vfdo v|vwhp zklfk
lv d surshuo| zhljkwhg dyhudjh ri lqglfhv iru wd{hv dqg ehqhwv1 Kh qgv wkdw wkh lqfoxvlrq ri wkh odwwhu pruh wkdq
grxeohv ryhudoo surjuhvvlylw|1 Lq wkh fdvh ri Fkloh/ Hqjho/ Jdohwrylf dqg Udggdw} +4<<;, qg wkdw wkh wdujhwlqj ri
wudqvihuv dqg rwkhu sxeolf h{shqglwxuhv lv e| idu wkh pdlq vrxufh ri lqfrph htxdol}dwlrq lq wkh vfdo v|vwhp1
5:Dv d frpsdulvrq/ wkh ulfkhvw fI krxvhkrogv lq wkh Xqlwhg Vwdwhv hduqhg SfI ri wrwdo lqfrph lq 4<;9 +Elvkrs/
Irupe| dqg Vplwk +4<<4,,1
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Iljxuh 5d1 Xqghu wkh h!flhqw srolf| W. @ 7;=8( wkh fxwr rffxuv dw wkh :3wk shufhqwloh +4=44
wlphv wkh dyhudjh/ ru 4=76 wlphv wkh phgldq,1 Wkh suh dqg srvwuhglvwulexwlrq vkduhv ri wkh
wrs 63( idplolhv duh 89=<( dqg 76=4(> khqfh d vkduh ri qhw wudqvihuv e+W., @ 46=:(= Ilqdoo|/
li srolf| lv vhw e| wkh phgldq yrwhu ru/ htxlydohqwo|/ d vrfldo sodqqhu zlwk lqhtxdolw| dyhuvlrq
4@ @ 4 klv sxuho| glvwulexwlrqdo frqfhuqv zloo ohdg wr W‘ @ 94=5(> dqg wudqvihuv zloo ulvh wr
e+W‘ , @ 4:=3( ri qdwlrqdo lqfrph1 Lq vxppdu|/ orrnlqj dw hlwkhu wkh dyhudjh pdujlqdo wd{ udwh
ru wkh wudqvihu vkduh vxjjhvwv +txlwh whqwdwlyho|/ ru frxuvh, wkdw vfdo uhglvwulexwlrq lq wkh Xqlwhg
Vwdwhv h{fhhgv wkh lqfrph ru jurzwkpd{lpl}lqj ohyho/ frxog eh vrphzkdw ehorz wkh h!flhqw
ohyho/ dqg lv pdunhgo| orzhu wkdq wkh phgldq idplo|*v suhihuuhg rxwfrph15;
916 Ilvfdo Uhglvwulexwlrq= Vhqvlwlylw| Dqdo|vlv
Iljxuhv 6d6e vkrz krz wkh wudghr ehwzhhq wkh h!flhqf| frvwv dqg ehqhwv ri uhglvwulexwlrq
zruvhqv dv wkh hodvwlflw| ri oderu vxsso|  @ 4@+  4, ulvhv1 Wdeoh L surylghv pruh ghwdlo rq wkh
rswlpdo ydoxhv Wt > 
W
~ > 
W
. dqg 
W
‘ > zklfk doo ghfolqh zlwk = Orrnlqj iru lqvwdqfh dw wkh urz zklfk
frqwdlqv wkh ehqfkpdun fdvh/ zh vhh wkdw lq wkh devhqfh ri glvwruwlrqv Wt zrxog eh 99=;(/ zkhuhdv
eh|rqg  @ 3=8 uhglvwulexwlrq rqo| uhgxfhv wrwdo lqfrph1 E| frqwudvw/ wkh h!flhqw wd{ udwh dqg
wudqvihu vkduh dozd|v uhpdlq srvlwlyh1 Zkhq  @ 4> iru lqvwdqfh/ W. @ 5;=:( dqg e+
W
., @ ;=7(>
|lhoglqj d jdlq ri 7=;( lq djjuhjdwh fhuwdlqw|htxlydohqw frqvxpswlrq1 Hyhq dv  whqgv wr lqqlw|
wkhvh qxpehuv uhpdlq erxqghg ehorz e| 47=8( dqg 7=7( uhvshfwlyho| +zlwk d jdlq ri 4=9(,1
Wkh hhfw ri wkh hgxfdwlrq uhwxuq sdudphwhu  lv pruh frpsoh{1 Iljxuhv 7d7e dqg Wdeoh L
vkrz d vljqlfdqw srvlwlyh lpsdfw rq Wt > exw rqo| d vpdoo qhjdwlyh rqh rq 
W
. >  pdlqo| dhfwv
wkh vl}h ri wkh jdlqv lq H+,1 Wkh lqwxlwlrq lv dv iroorzv1 Zkhq  @ 3 wkhuh lv qr lqyhvwphqw/
vr uhglvwulexwlrq fdq rqo| uhgxfh rxwsxw dqg ghwhulrudwh wkh frqvxpswlrqohlvxuh wudghr> khqfh
Wt @ 
W
~ @ 3= Qrqhwkhohvv/ wkh lqvxudqfh prwlyh lpsolhv 
W
. A 3= Wdeoh L vkrzv wkdw 
W
. lv
5;Wkhuh duh vhyhudo srvvleoh +frpsohphqwdu|, h{sodqdwlrqv iru wklv odvw uhvxow1 Iluvw/ lw lv zhoogrfxphqwhg wkdw
wkh surshqvlw| wr hqjdjh lq prvw irupv ri srolwlfdo sduwlflsdwlrq +yrwlqj/ frqwulexwlqj wlph ru prqh| wr fdpsdljqv
ru sduwlhv/ hwf1,/ ulvhv pdunhgo| zlwk lqfrph dqg hgxfdwlrq> vrph ri wklv hylghqfh lv suhvhqwhg lq Eìqderx +4<<9e,1
Vhfrqg/ wkh revhuyhg ohyhov ri surjuhvvlylw| dqg wudqvihuv pd| eh frqvlvwhqw zlwk d phgldq yrwhu rxwfrph W‘ c
li yrwhuv shufhlyh vx!flhqwo| odujh wd{ glvwruwlrqv1 Dv vkrzq e| Wdeoh L ehorz/ wkhvh zrxog kdyh wr fruuhvsrqg
wr dq lqwhuwhpsrudo oderu vxsso| hodvwlflw| zhoo deryh 2c dqg2ru wr dq lqdelolw| wr rvhw vdylqjv glvwruwlrqv yld
frqvxpswlrq wd{hv dqg lqyhvwphqw vxevlglhv/ dv grqh lq wkh prgho1 Odvw/ exw qrw ohdvw/ L dp frqvlghulqj +khuh dqg
lq wkh qh{w vxevhfwlrq, vfdo dqg hgxfdwlrqdo uhglvwulexwlrq vhsdudwho|1 Lq uhdolw| erwk duh suhvhqw vlpxowdqhrxvo|/
dqg wkhlu hhfwv fxpxodwlyh1
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hyhq idluo| kljk vlqfh wkh oderu glvlqfhqwlyh lv uhodwlyho| vpdoo zkhq kxpdq fdslwdo lv qrw yhu|
shuvlvwhqw +vhh +47,,1 Dv  ulvhv wkh lqyhvwphqw uhdoorfdwlrq hhfw ehfrphv lqfuhdvlqjo| lpsruwdqw
dqg judgxdoo| uhsodfhv lqvxudqfh dv wkh suhgrplqdqw ehqhw lq wkh h!flhqf| wudghr zlwk wkh
+qrz vwurqjhu, oderu vxsso| hhfw1 Frqvhtxhqwo|/ Wt dqg 
W
. pryh wrzdugv hdfk dqrwkhu1
5< c63
Wkh uroh ri wkh idplo| ru qhljkerukrrg hhfw lv looxvwudwhg rq Iljxuhv 8d8e1 Zh nqrz iurp
Sursrvlwlrqv 9 dqg : wkdw d kljkhu  vlpxowdqhrxvo| h{dfhuedwhv wkh hruw glvwruwlrq dqg uhgxfhv
wkh jdlq iurp uhdoorfdwlqj hgxfdwlrq uhvrxufhv wrzdug srru idplolhv1 Rq wkh rwkhu kdqg/ lw dovr
pdnhv kxpdq fdslwdo dffxpxodwlrq ohvv vhqvlwlyh wr yduldwlrqv lq lqyhvwphqw/ khqfh lq hruw/ vlqfh
pruh ri lw wdnhv sodfh dxwrpdwlfdoo| zlwklq idplolhv ru qhljkerukrrgv +vhh wkh whup 4  
pxowlso|lqj  oq o+, lq +64,,1 Wklv hhfw wxuqv rxw wr eh grplqdqw dw uhodwlyho| orz ydoxhv ri >
exw grplqdwhg dw kljkhu rqhv1 Wklv lv zkdw h{sodlqv wkh lqlwldoo| sx}}olqj uhvxowv wkdw Wt lqfuhdvhv
zlwk  zkloh W. vlpxowdqhrxvo| ghfuhdvhv/ lq vslwh ri wkh idfw wkdw pruh shuvlvwhqw vkrfnv udlvh
wkh ydoxh ri lqvxudqfh +dv vkrzq e| wkh ulvn suhplxp lq +<,/ iru u @ 3,=
Odvw exw qrw ohdvw/ Iljxuh 9d vkrzv wkh uroh ri ulvndyhuvlrq1 Wkh h!flhqw udwh ri uhglvwulexwlrq
W. vwduwv dw 69=6( iru 4  u @ 3> wkhq ulvhv wr 7;=8(/ 88=9( dqg 96=<( iru 4  u @ 4> 5 dqg 7
uhvshfwlyho|1 Wkh fruuhvsrqglqj vkduhv ri qhw wudqvihuv lq qdwlrqdo lqfrph duh e+W., @ 43=8(>
46=:(> 48=8(> dqg 4:=9(= Wkhvh odujh yduldwlrqv pdnh fohdu wkh ydoxh ri zrunlqj zlwk wkh jhqhudo
suhihuhqfhv +5, udwkhu wkdq uhvwulfwlqj dwwhqwlrq wr wkh vhsdudeoh fdvh/ u @ 3= Ilqdoo|/ qrwh wkdw lq
doo fdvhv W. uhpdlqv zhoo ehorz 
W
‘ dqg zhoo deryh 
W
t +ru hyhq 
W
~,/ dv vkrzq rq Iljxuh 4e1
Eh|rqg wkh uhvxowv rewdlqhg iru vshflf sdudphwhuv ydoxhv/ lw lv wkh jhqhudo phvvdjh iurp wkhvh
vlpxodwlrqv zklfk lv prvw lpsruwdqw1 Wkh| frqvlvwhqwo| vkrz wkdw wkh h!flhqf| frvwv dqg ehqhwv
ri uhglvwulexwlrq duh erwk txdqwlwdwlyho| lpsruwdqw/ dqg wkdw shu fdslwd lqfrph dqg djjuhjdwh
zhoiduh surylgh rqo| yhu| lpshuihfw phdvxuhv ri wkh uhvxowlqj wudghr1
5<Wkh rqo| froxpq ri Wdeoh L dorqj zklfk Wt ghfuhdvhv zlwk qb lv wkh uvw rqh/ zkhuh " ’ f Lqghhg/ zkhq wkhuh
lv qr glvwruwlrq wr wudgh r djdlqvw wkh fuhglwfrqvwudlqw hhfw 1E{2Ec wkh odwwhu*v lqfuhdvlqj pdjqlwxgh zlwk
qb lv luuhohydqw1 Doo wkdw pdwwhuv lv wkh idfw wkdw @h}4?

1E{2E

ghfolqhv zlwk qbc gxh wkh suhgrplqdqw
lq xhqfh ri @h}4? t1E ’ 3k*E3 qb
63Wkh uhvxowv uhpdlq hvvhqwldoo| xqfkdqjhg zkhq k dqg qb duh ydulhg zlwk kn qb {hg dw lwv uhihuhqfh ydoxh ri
Sfc vr dv wr ohdyh wrwdo uhwxuqv xqfkdqjhg1
5:
917 Hgxfdwlrq Ilqdqfh= Ehqfkpdun Fdvh
 Lqfrph1 Ehfdxvh fxuuhqw frqvxpswlrq lv qrw uhglvwulexwhg/ srolf| glvwruwlrqv iurp htxdol}lqj
hgxfdwlrqdo lqyhvwphqwv duh frqvlghudeo| vpdoohu wkdq iurp htxdol}lqj idplo| lqfrphv1 Iljxuh
:d vkrzv wkdw wkh rxwsxwpd{lpl}lqj udwh lv qrz Wt @ 94=<(/ ohdglqj wr d vl}hdeoh 9=4( jdlq
zlwk uhvshfw wr odlvvh}idluh1 Wkh idoo lq oderu vxsso| lv rqo| 4=6(> dv fdq eh uhdg r Iljxuh :f1
Rq wkh vdylqjv vlgh/ d frqvxpswlrq wd{ ri 3=<( dqg d :=5=( dyhudjh vxevlg| iru hgxfdwlrq duh
qrz vx!flhqw wr pdlqwdlq dffxpxodwlrq dw lwv uvwehvw ohyho/ vwloo htxdo wr U @ 44=9(164 Lq wkh
hqgrjhqrxv jurzwk yhuvlrq ri wkh prgho/ wkh 9=4( lqfuhdvh lq shu fdslwd lqfrph ehfrphv d 5=7
shufhqwdjh srlqw ulvh lq wkh orqjuxq jurzwk udwh1
 H!flhqf|1 Zlwk 4u @ 4> wkh h!flhqw udwh ri hgxfdwlrq qdqfh htxdol}dwlrq lv W. @ 9;=5(=
Lq rwkhu zrugv/ derxw wzrwklugv ri wkh yduldwlrqv lq shusxslo h{shqglwxuhv uh hfwlqj glhuhqfhv
lq idplo| lqfrphv vkrxog eh rvhw1 Wkh fruuhvsrqglqj h!flhqf| jdlq lv :=6(/ ri zklfk 9=3( lv
gxh wr lqfuhdvhg djjuhjdwh lqfrph dqg frqvxpswlrq/ 3=9( wr orzhu hruw/ dqg rqo| 3=:( wr ehwwhu
ulvnvkdulqj1 Iljxuhv :d:e fohduo| vkrz wkh uhgxfhg ydoxh ri uhglvwulexwlyh hgxfdwlrq qdqfh dv
d vrfldo lqvxudqfh vfkhph/ frpsduhg wr wkdw ri wd{hv dqg wudqvihuv= H+, lv forvhu wr oq }+, wkdq
rq Iljxuhv 4d4e/ dqg pxfk ohvv vhqvlwlyh wr djhqwv* ghjuhh ri ulvn dyhuvlrq1
 Lqhtxdolw| dqg Prelolw|1 Vlqfh wkh rswlpdo udwh ri surjuhvvlylw| lv kljkhu wkdq iru vfdo srolf|/
lqwhujhqhudwlrqdo shuvlvwhqfh dqg furvv0vhfwlrqdo lqhtxdolw| duh uhgxfhg ixuwkhu1 Iljxuh ;e vkrzv
wkdw dv  ulvhv iurp }hur wr Wt dqg wkhq wr 
W
. > s+, idoov iurp =9; wr =78 dqg wkhq wr =76= Frrshu
+4<<;, qgv hylghqfh lq wkh SVLG gdwd wkdw uhglvwulexwlrq ri hgxfdwlrqdo h{shqglwxuhv +phdvxuhg
e| wkh shufhqwdjh ri vfkrro ixqglqj frplqj iurp rxwvlgh hdfk glvwulfw, orzhuv lqwhujhqhudwlrqdo
shuvlvwhqfh ehwzhhq idwkhuv* dqg vrqv* lqfrphv1 Frqvlghu qh{w lqhtxdolw| lq idplo| lqfrphv dqg
shuvwxghqw h{shqglwxuhv / +, dqg +4  ,+,1 Wkhvh duh uhgxfhg iurp +=:;> =:;, xqghu
odlvvh}idluh wr +=:3> =5:, xqghu Wt > +=9<> =55, xqghu 
W
. > dqg +=9;> =3;, xqghu 
W
‘ @ ;:=7(= Wkh
h{shqglwxuh qxpehuv pd| eh frpsduhg wr Kr{e|*v +4<<;e, hvwlpdwhv ri wkh frh!flhqw ri yduld0
wlrq lq shusxslo vshqglqj dprqj orfdo vfkrro glvwulfwv lq Fdoliruqld/ Loolqrlv dqg Pdvvdfkxvhwwv=
uhvshfwlyho| =49> =58 dqg =5; iru uhfhqw |hduv1 Zkhq qrupdol}hg e| vwdwhzlgh lqfrph lqhtxdolw|/
64Devhqw wklv fruuhfwlyh vfkhph/ wkh ghfolqh lq vdylqjv zrxog uhgxfh iurp SSI wr 2 I wkh jdlq lq orqjuxq
lqfrph uhvxowlqj iurp Wt ’ SbI
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wkh fruuhvsrqglqj udwlrv duh doo durxqg =48= Wkh ydoxhv jhqhudwhg e| wkh prgho wkxv whqgv wr
vxjjhvw wkdw wkh h{whqw ri vfkrro qdqfh uhglvwulexwlrq lq wkrvh wkuhh vwdwhv h{fhhgv wkh ohyho
wkdw zrxog pd{lpl}h orqjuxq lqfrph +ru jurzwk,/ exw lv ehorz zkdw wkh phgldq djhqw zrxog
fkrrvh/ ru zkdw zrxog pd{lpl}h dyhudjh zhoiduh1 Lw pd| eh vrphzkdw orzhu ru kljkhu wkdq wkh
h!flhqf|pd{lpl}lqj ohyho/ ghshqglqj rq wkh ydoxh ri ulvn dyhuvlrq165
 Uhglvwulexwlrq1 Xqghu wkh srolf| Wt / wkh euhdnhyhq srlqw | zklfk vhsdudwhv idplolhv
zkrvh hgxfdwlrq lv vxevlgl}hg eh|rqg wkh dyhudjh udwh d+, iurp wkrvh zkrvh h{shqglwxuhv duh
wd{hg uhodwlyh wr d+, rffxuv dw wkh 9<wk shufhqwloh +4=43 wlphv shu fdslwd lqfrph/ ru 4=73 wlphv
wkh phgldq,1 Wkh 64( ulfkhvw idplolhv hduq 8;=8( ri wrwdo lqfrph/ exw wkhlu vkduh ri wrwdo
hgxfdwlrqdo h{shqglwxuhv lv uhgxfhg wr 74=7(= Wkh iudfwlrq ri wrwdo vfkrro vshqglqj uhdoorfdwhg
iurp wr uhodwlyho| ulfk wr uhodwlyho| srru idplolhv ru frppxqlwlhv lv wkxv e+Wt , @ 4:=4(= Dv
looxvwudwhg rq Iljxuh ;d/ lw ulvhv wr 4;=:( xqghu wkh h!flhqw srolf| W. +wkh fxwr uhpdlqv doprvw
xqfkdqjhg/ dw wkh 9;wk shufhqwloh,/ dqg wr 56=5( xqghu wkh srolf| W‘ zklfk pd{lpl}hv dyhudjh
zhoiduh dqg wkh xwlolw| ri wkh phgldq idplo|1
918 Hgxfdwlrq Ilqdqfh= Vhqvlwlylw| Dqdo|vlv
Wkh prvw vwulnlqj ihdwxuh ri wkh uhvxowv uhsruwhg lq Iljxuhv <d<e dqg Wdeoh LL lv wkdw kljk udwhv ri
hgxfdwlrq qdqfh htxdol}dwlrq uhpdlq rswlpdo/ qr pdwwhu krz odujh wkh lqwhuwhpsrudo hodvwlflw| ri
oderu vxsso| 1 Hyhq zkhq suhihuhqfhv ehfrph olqhdu lq hruw/  @ .4> wkh lqfrphpd{lpl}lqj
dqg h!flhqw udwhv ri htxdol}dwlrq duh vwloo Wt @ 6<=5( dqg 
W
. @ 8<=9(= Wkh fruuhvsrqglqj vkduhv
ri hgxfdwlrqdo uhvrxufhv ehlqj uhglvwulexwhg duh e+Wt , @ 44=6( dqg e+
W
., @ 49=8(> dqg wkh
uhvxowlqj jdlqv vwloo dprxqw wr 5=;( iru rxwsxw dqg 8=<( iru h!flhqf|1
Wkh hhfw ri wkh hgxfdwlrq uhwxuq sdudphwhu lv/ rqfh djdlq/ pruh frpsolfdwhg1 D kljkhu 
orzhuv erwk Wt dqg 
W
. zkloh dw wkh vdph wlph vljqlfdqwo| lqfuhdvlqj wkh jdlqv uhvxowlqj iurp
wkhvh srolflhv/ frpsduhg wr  @ 3= Iru lqvwdqfh/ dv  ulvhv iurp =38 + lv luuhohydqw zkhq  @ 3,
wr =63> Wt ghfolqhv iurp 9;=8( wr 8<=9( dqg 
W
. iurp :9=4( wr 98=9(= Dw wkh vdph wlph/ wkh
fruuhvsrqglqj jdlqv ulvh iurp 3=<( wr ;=5( iru rxwsxw/ dqg iurp 4=4( wr <=:( iru h!flhqf|1 Wkh
65Zlwk 3o ’ 2 wkh jxuhv duh W. ’ .ebIc ohdglqj wr Eb{E
W
.c E3
W
.b{E
W
. ’ ESbc .( dqg 
W
‘ ’ bIc
ohdglqj wr Eb{EW‘ c E3 
W
‘ b{E
W
‘  ’ ES.c fD Dv wr 
W
t c lw lv ri frxuvh xqfkdqjhg1 Qrwh wkdw wkh gdwd xvhg
e| Kr{e| shuwdlqv rqo| wr hohphqwdu| dqg vhfrqgdu| vfkrro exgjhwv1 Wklv ohdyhv rxw vshqglqj glvsdulwlhv dw wkh
hduo| fklogkrrg vwdjh/ zklfk lv riwhq frqvlghuhg wr sod| d fulwlfdo uroh lq vkdslqj odwhu hgxfdwlrqdo rxwfrphv1
5<
lqwxlwlrq lv dv iroorzv1 Zlwk oderu vxsso| glvwruwlrqv dqg lqvxudqfh erwk sod|lqj uhodwlyho| prghvw
urohv/ wkh nh| ghwhuplqdqw ri hgxfdwlrqdo srolf|*v lpsdfw rq jurzwk dqg h!flhqf| lv wkh uhod{dwlrq
ri fuhglw frqvwudlqwv1 Wklv hhfw/ phdvxuhg e| 1+,2+, lq +64,/ ehfrphv pruh lpsruwdqw dv
 ulvhv/ l1h1 dv uhvrxufh h{shqglwxuh pdwwhuv pruh iru dffxpxodwlrq1 \hw wkh rswlpdo  ghfolqhv/
ehfdxvh wkh dffxpxodwlrq whfkqrorj| jhwv forvhu wr frqvwdqw +sulydwh, uhwxuqv> uhfdoo wkdw 1+, lv
plqlpl}hg dw  @ +4  ,@+4 ,=
Wkh uroh ri idplo| ru shhu hhfwv lv ghslfwhg rq Iljxuhv 44d44e1 Wkh pdlq lpsdfw ri  lv
qrz wr uhgxfh wkh rswlpdo ghjuhh ri htxdol}dwlrq ri vfkrro lqsxwv dfurvv vwxghqwv iurp glhuhqw
vrfldo edfnjurxqgv/ dv h{sodlqhg hduolhu1 Wkxv/ erwk Wt dqg 
W
. ghfolqh zlwk 1 Wkh lpsruwdqfh
ri wklv uhvxow lv ehvw looxvwudwhg e| vwduwlqj iurp d fdvh vlplodu wr wkdw ri Ihuqdqgh} dqg Urjhuvrq
+4<<;,=  @ 3 +qr idplo| ru shhu hhfw,/  @ 3 +lqhodvwlf oderu,/ dqg  @ =4<= Wkh rswlpdo
srolf| lv wkhq frpsohwh htxdol}dwlrq +Wt @ 
W
. @ 4,> dqg eulqjv d 6=;( jdlq lq orqj uxq rxwsxw
ryhu ghfhqwudol}hg ixqglqj d jxuh forvh wr Ihuqdqgh} dqg Urjhuvrq*v 6=5(1 Lqfrusrudwlqj wkh
ehqfkpdun oderu uhvsrqvh + @ =53, uhgxfhv Wt wr <5=4(/ dqg wkh pd{lpxp jdlq wr 6=5(= Exw
pxfk pruh vljqlfdqw lv wkh uroh ri vrfldo edfnjurxqg= zlwk  @ =68 dqg  @ 3/ Wt idoov yhu|
vkduso|/ wr 9<=3(1 Rq wkh rwkhu kdqg/ orqjuxq lqfrph jdlqv duh pdjqlhg e| wkh kljkhu wrwdo
uhwxuq/  .  = 7=9( xqghu Wt / exw rqo| 6=<( xqghu  @ 4= Zkhq vrfldo fdslwdo dqg oderu
vxsso| hhfwv duh frpelqhg wkh uhvxowv duh yhu| forvh wr wkrvh lq Wdeoh LL/ wklug froxpq/ wklug
urz= Wt @ 96=;( udlvhv rxwsxw e| 7=7(> zkloh frpsohwh htxdol}dwlrq |lhogv rqo| d 6=6( jdlq1
Dv h{sodlqhg hduolhu/ ulvndyhuvlrq sod|v pxfk ohvv ri d uroh wkdq xqghu vfdo uhglvwulexwlrq1
Iljxuh 45d vkrzv wkdw wkh h!flhqw surjuhvvlylw| udwh W. vwduwv dw 94=9( iru 4  u @ 3 exw ulvhv
uhodwlyho| vorzo|/ wr 9;=5(/ :7=<( dqg ;;=6( iru 4u @ 4> 5 dqg 7 uhvshfwlyho|1 Wkh fruuhvsrqglqj
iudfwlrqv ri vfkrro h{shqglwxuhv ehlqj uhglvwulexwhg duh e+W., @ 4:=3(> 4;=:(> 53=6(> dqg 56=7(1
H{fhsw iru yhu| orz ydoxhv ri ulvndyhuvlrq/ djjuhjdwh lqfrph vwloo xqghuhvwlpdwhv wkh ydoxh ri
uhglvwulexwlrq/ dowkrxjk ohvv vr wkdq zlwk wd{hv dqg wudqvihuv> vhh Iljxuhv :d:e1 Wkh eldv lq
djjuhjdwh zhoiduh/ rq wkh frqwudu|/ lv qrz pxfk pruh vhyhuh1 Ri frxuvh/ sxuh htxlw| frqvlghudwlrqv
+d srvlwlyh ydoxh ri 4@, pd| zhoo eh pruh uhohydqw lq hgxfdwlrqdo wkdq lq wd{ srolf|1
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: Frqfoxvlrq
Wklv sdshu kdv vwxglhg krz surjuhvvlyh lqfrph wd{dwlrq dqg hgxfdwlrq qdqfh dhfw wkh ohyho
dqg glvwulexwlrq ri lqfrph lq d g|qdplf khwhurjhqhrxv djhqw hfrqrp|1 Wkh prgho zdv uvw
vroyhg dqdo|wlfdoo|/ wkhq txdqwlwdwlyh srolf| h{huflvhv zhuh shuiruphg1 D vlpsoh frpelqdwlrq ri
frqvxpswlrq wd{hv dqg hgxfdwlrq vxevlglhv fdq khos uhvwruh lqyhvwphqw wr lwv xqglvwruwhg ohyho1
Zkhwkhu ru qrw wklv dgglwlrqdo srolf| lqvwuxphqw lv xvhg/ hgxfdwlrq qdqfh dozd|v grplqdwhv wd{hv
dqg wudqvihuv iurp wkh srlqw ri ylhz ri jurzwk/ exw lv lqihulru iurp wkdw ri lqvxudqfh1 Vlpxodwlqj
wkh prgho zlwk hpslulfdo sdudphwhu hvwlpdwhv ohdgv wr jhqhudoo| uhdvrqdeoh uhvxowv1 Iru wkh
ehqfkpdun vshflfdwlrq h!flhqf| lv pd{lpl}hg zlwk wudqvihuv htxdo wr 47( ri JGS/ ru zlwk d
9;( htxdol}dwlrq udwh iru vfkrro h{shqglwxuhv1 Lq erwk fdvhv wkh ulfkhvw 63( ri idplolhv hqg xs
vxevlgl}lqj wkh hgxfdwlrq +dqg srvvleo| wkh frqvxpswlrq, ri wkh uhpdlqlqj :3(> zkhwkhu wkurxjk
vfkrro qdqfh ru wkurxjk wkh vfdo v|vwhp1 Pruh jhqhudoo|/ wkh h!flhqf| frvwv dqg ehqhwv ri
uhglvwulexwlrq uhpdlq ri wkh vdph rughu ri pdjqlwxgh ryhu d zlgh udqjh ri sdudphwhuv ydoxhv/ vr
wkdw rplwwlqj hlwkhu vlgh fdq vhulrxvo| eldv wkh srolf| dqdo|vlv1 Dqrwkhu urexvw frqfoxvlrq lv wkdw
shu fdslwd lqfrph dqg dyhudjh zhoiduh surylgh rqo| fuxgh orzhu dqg xsshu erxqgv durxqg d pruh
surshu +ulvndgmxvwhg exw glvwulexwlrqiuhh, phdvxuh ri ryhudoo h!flhqf|1
Wkh prgho*v dqdo|wlfdo vwuxfwxuh kdv d qxpehu ri dgydqwdjhv/ zklfk krshixoo| mxvwli| wkh
vwurqj vlpsoli|lqj dvvxpswlrqv zklfk olh ehklqg lw1 Rqh lv wkh wudqvsduhqf| ri wkh lqvljkwv re0
wdlqhg iurp frpsohwh forvhgirup vroxwlrqv1 Dqrwkhu lv doorzlqj dq|rqh wr hdvlo| jhqhudwh dowhu0
qdwlyh srolf| dvvhvvphqwv/ e| uhsodflqj lq wkh irupxodv rxu sdudphwhu fkrlfhv zlwk wkhlu suhihuuhg
ydoxhv1 Ilqdoo|/ wkh prgho fdq eh h{whqghg lq vhyhudo lqwhuhvwlqj gluhfwlrqv1 Rqh frxog wkxv
dqdo|}h vfdo dqg hgxfdwlrqdo srolf| mrlqwo| udwkhu wkdq vhsdudwho|/ dqg orrn iru wkh rswlpdo pl{
zklfk doohyldwhv wkh lpshuihfwlrqv lq wkh fuhglw dqg lqvxudqfh pdunhwv zlwk plqlpdo glvwruwlrqv1
Dqrwkhu urxwh lv wr hqgrjhql}h wkh ghjuhh ri uhglvwulexwlrq wkurxjk d srolwlfdo phfkdqlvp1 Wklv
lv sxuvxhg lq Eìqderx +4<<9e,/ zklfk vhhnv wr h{sodlq krz frxqwulhv zlwk vlplodu hfrqrplf dqg
srolwlfdo ixqgdphqwdov fdq qrqhwkhohvv fkrrvh yhu| glhuhqw vfdo dqg hgxfdwlrq v|vwhpv1
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Dsshqgl{
D Surriv iru wkh Fdvh ri Lqfrph Wd{dwlrq
Surriv ri Sursrvlwlrqv 4/ 5 dqg 6
Wkh uvwrughu frqglwlrq iru wkh rswlpdo vdylqjv udwh lq +<, lv=
4 
4 | @ 
H| ^+X|n,
o+C oqX|n@C oq k
,+C oq k@C,‘
H|^+X|n,o‘
/
|
4 | @

4  
H| ^+X|n,
o+C oqX|n@C oq k
,‘
H|^+X|n,o‘
+D4,
zkloh iru oderu vxsso| lw lv=
+4 ,^+4  |,+@o, . o#3‘ @ H| ^+X|n,
o+C oqX|n@C oq k
,+C oq k@Co,‘
H|^+X|n,o‘
+,
o#| @ +4  |,

4 .

4  

H| ^+X|n,
o+C oqX|n@C oq k
,‘
H|^+X|n,o‘

= +D5,
Zh jxhvv wkdw wkh ydoxh ixqfwlrq lv ri wkh irup= oqX | @ Y| oq k

|.E|= Vxevwlwxwlqj lqwr wkh Ehoopdq
htxdwlrq |lhogv=
Y| oqk| .E| @ pd{
,
i+4 . Y|n,+4 , oq o  +4 , +o,#j
.pd{
D
i+4 , oq++4 ,@+4 . |,, . Y|n oq+|+4 . d|,,j
. ^+4 ,+4  |, . Y|n+ . +4  |,,‘ oq k| . +4 . Y|n, | oq ||
+@u, uY|n+4 uY|n,v2@5. +E|n . Y|n oq,= +D6,
Wklv sureohp lv vwulfwo| frqfdyh lq / dv zhoo dv lq o jlyhq   4 +vwulfwo| txdvlfrqfdylw| lq o lv
hyhq hqvxuhg iru doo  A 3,1 Wkhuhiruh/ li +D6, grhv krog/ wkh uvwrughu frqglwlrqv duh vx!flhqw
wr fkdudfwhul}h wkh rswlpxp1 Pruhryhu/ lq wklv fdvh +D4,+D5, lpphgldwho| vlpsoli| wr |lhog
Sursrvlwlrqv +5, dqg +6,1 Qrz/ +D6, uhtxluhv wkdw
Y| @ +4 ,+4  |,. +. +4  |,,Y|n> +D7,
zklfk |lhogv +45,1 Dv wr E|/ lw lv jlyhq dv wkh vroxwlrq wr wkh glhuhqfh htxdwlrq=
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E|  E|n @ +4 . Y|n,+4  |, oq o|  +4 , +o|,# . Y|n oq  +D8,
.+4 , oq++4 |,@+4 . |,, . Y|n oq+|+4 . d|,,
.+4 . Y|n, oq ||  +@u,^uY|n+4 uY|n,‘v2@5= +D9,
zlwk wkh wudqvyhuvdolw| frqglwlrq olp|<"

h34|E|

@ 3> zklfk lpsolhv wkdw E| htxdov wkh suhvhqw
ydoxh ri wkh uljkwkdqg vlgh whupv1 Wr vlpsoli| ixuwkhu/ qrwh wkdw vlqfh doo djhqwv kdyh wkh vdph
o| @ o| dqg 

| @ | rqh fdq zulwh=
oq k|n @ oq 

|n . oq  .  oq U| . +4  |, oq o| . + . +4  |,, oq k| .  | oq ||> +D:,
zkhuh U|  |+4 . d|,= Wkxv k| uhpdlqv orj0qrupdoo| glvwulexwhg ryhu wlph1 Li oq k| Q +p|> 2| ,/
wkhq +:, |lhogv iru || wkh ydoxh jlyhq e| htxdwlrq +5:,1 Vxevwlwxwlqj lqwr +D:, |lhogv +58,+59,1
Ohw xv qrz ghqh Z|  Y|p| . E|> vr wkdw Y|+k, @ Y| +oq k p, .Z|= Vxevwlwxwlqj E| @
Z|  Y|p| lqwr +D8,/ wkhq xvlqj +58,+59, wr holplqdwh p|n dqg 2|n> wkh exgjhw frqvwudlqw
+4:, wr holplqdwh |/ dqg +5:, wr holplqdwh oq ||> zh rewdlq=
Z|  Z|n @ +4 . Y|n,+4  |, oq o|  +4 , +o|,# . Y|n oq 
.+4 , oq+4 U|, . Y|n oq U|  +@u,^uY|n+4 uY|n,‘v2@5
.+4 . Y|n, |

p| .  oq o| . +5  |,22| @5

. Y|p|
Y|n

+. ,p| .  oq o| .  | +5  |,22|@5 .  oq U| . oq v2@5

=
Wkhuhiruh/ ghqrwlqj Z| Z|@+4 , =
Z|Z|n @  oq o|  +o|,# . oq+4 U|, .p|.  |+5 |,22| @5. u+4,3Y 2|nv2@5> +D;,
zkhuh zh xvhg wkh uhfxuvlrq htxdwlrq +D7, wr vlpsoli| wkh frh!flhqw rq p|= Wkxv=
Z|  Z|@+4 , @
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,3Y 2|n&nv2@5
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= +D<,
Lw mxvw uhpdlqv wr frpsxwh
S
"
|’f 
|

p| .  oq o| .  |+5  |,22|@5

dv d ixqfwlrq ri wkh lqlwldo
glvwulexwlrq +pf>
2
f, dqg wkh srolf| vhtxhqfh i |> d|> |j"|’f= Qrz/ +58, lpsolhv=
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
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
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 |n&+5  |n&,
22|n&
5
&
= +D43,
Lq sduwlfxodu/ xqghu d frqvwdqw srolf| i | @ j"|’f djjuhjdwh zhoiduh vlpsolhv wr=
Zf @ xf+, . +4 ,{+,

22f
5

. r+,

2v2
5

> +D44,
zkhuh=
xf+,   ^+4 ,pf . +oq .  oq U,‘
4 +. , . oq+4 U, .

4 
4 +. ,
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 oq o+,  o+,# >
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4 
4 +. ,

+5 ,
4 s+,2
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r+,  {+, 4@
4 +. , . u+4 ,

4 
4 s+,
2
=
Lq vwhdg|vwdwh lw vlpsolhv ixuwkhu/ dv 2f ehfrphv htxdo wr 
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+, @ v2@+4 s+,2,=
Surri ri Sursrvlwlrq 7
Ohw xv qrz h{dplqh frqvxphuv* suhihuuhg wlph sdwkv ri frqvxpswlrq wd{hv dqg dvvrfldwhg
lqyhvwphqw vxevlglhv i|n&> d|n&j"&’f> jlyhq dq| h{shfwhg uhglvwulexwlrq sdwk i |n&j"&’f= Qrwh wkdw
rqfh wkh |n&*v duh holplqdwhg iurp wkh exgjhw frqvwudlqw +4:,/ fkrrvlqj id|n&j"&’f lv htxlydohqw
wr fkrrvlqj iU|n&  |n&+4 . d|n&,j"&’f= Vlqfh dq djhqw* l*v xwlolw| lv oqX | @ Y| +oq k| p|, .Z|
dqg Y| lv lqghshqghqw ri i|n&> d|n&j"|’f/ doo djuhh rq wkh rswlpdo sdwk ri iU|n&j"&’f> qdpho| wkh
rqh wkdw pd{lpl}hv djjuhjdwh zhoiduh Z|= E| +D43,/ wklv vhtxhqfh lv jlyhq e|=
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4 +. ,
4 U|n& @

U|n&
> ru U|n& @

4  @ U=
Surri ri Sursrvlwlrq ;
Ohw { eh d qrupdo udqgrp yduldeoh zlwk phdq p/ yduldqfh 2> dqg f1g1i1 wkhuhiruh htxdo wr
I +{, @ ++{p,@,= E| gluhfw frpsxwdwlrq rqh hdvlo| hvwdeolvkhv wkdw/ iru dq|  dqg  5 lq U/
] w
3"
hb%gI +{, @ hbE6nb{
2*2I + 2,= +D45,
Frqvlghu qrz wkh orjqrupdo yduldeoh |  h%= Lwv f1g1i1 lv J+|, @ I +oq |,> dqg wkh fruuhvsrqglqj
Oruhq} fxuyh lv +u, @
U C3Eo
f |gJ+|,
U
"
f |gJ+|,

@
U 83Eo
f h
%gI +{,
1U
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3"
h%gI +{,

=
Dsso|lqj +D45, zlwk  @ 4 dqg  @ I3+u, @ p. 3+u, |lhogv wkh fodlphg uhvxow1
Surri ri Sursrvlwlrq <
Iluvw/ revhuyh wkdw +69, iroorzv gluhfwo| iurp +D;, dqg +57,/ jlyhq wkh ghqlwlrq ri f| lq +68,1
Wxuqlqj qrz wr wkh sursrvlwlrq lwvhoi/ zh fdq uhzulwh +D;, dw w @ 3 dv=
Zf@+4 , @
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=
Qrz/ iurp +59, zh nqrz wkdw
2| @
#
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&’f
s+ &,
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4
D v2= +D46,
Wkhuhiruh=
Hf+,
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,
4 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=
+D47,
Zlwk d frqvwdqw wkh odvw suhvhqw ydoxh/ wlphv 4 > ehfrphv +4 ,2!+> u,2v2@5> zkhuh
!+> u, 

4
4 s+,2 
u+4 ,
+4 s+ |,,2

 !+> 4, @ +4 . s+,
2  5s+,,
+4 s+,2,+4 s+ |,,2  3>
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zlwk vwulfw lqhtxdolw| iru doo s+, ? 4= Wklv hvwdeolvkhv wkh sursrvlwlrq/ wrjhwkhu zlwk wkh idfw wkdw
wkh ulvn suhplxp lv dozd|v srvlwlyh dqg plqlpl}hg dw  @ 4=
Ilqdoo|/ zh suryh wkh vhfrqg uhvxow lq wkh sursrvlwlrq1 Iurp +D44, dqg +6:,/ zh kdyh=
Zf @ xf+, . +4 ,{+,

22f
5

. r+,

2v2
5

> +D48,
Hf @ Zf . +4 ,

+4 ,2
4 s+,2

22f
5

+D49,
Iluvw/ lw lv hdvlo| yhulhg iurp +47, dqg +49, wkdw xf+3, @ 3> wklv krogv zkhwkhu wkh lqyhvwphqw
udwh lv U ru +,1 Qh{w/ vwudljkwiruzdug exw vrphzkdw whglrxv ghulydwlrqv vkrz wkdw {+3, .
+C@C,’f

+4 ,2@ 4 s+,2  3> zlwk vwulfw lqhtxdolw| xqohvv  @ 4> dqg wkdw r+3,  3>
zlwk vwulfw lqhtxdolw| xqohvv .  @ 4= Wkhuhiruh Hf+3, A 3> khqfh 
W
.cf A 3=
E Surriv iru wkh Fdvh ri Hgxfdwlrq Ilqdqfh
Surriv ri Sursrvlwlrqv 8 dqg 9
Wkh uvwrughu frqglwlrq iru wkh rswlpdo vdylqjv udwh lq +<, lv xqfkdqjhg=
4 
4 | @ 
H| ^+X|n,o+C oqX|n@C oq k
,+C oq k@C,‘
H|^+X|n,o‘
/
|
4 | @ +4  |,
H| ^+X|n,o+C oqX|n@C oq k
,‘
H|^+X|n,o‘
> +E4,
zkloh iru oderu vxsso| lw ehfrphv=
+4 ,^@o . o#3‘ @ H| ^+X|n,
o+C oqX|n@C oqk
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@Co,‘
H|^+X|n,o‘
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
= +E5,
Zh jxhvv rqfh djdlq wkdw wkh ydoxh ixqfwlrq lv ri wkh irup= oqX | @ Y| oq k

| . E|= Vxevwlwxwlqj
lqwr wkh Ehoopdq htxdwlrq |lhogv=
Y| oq k| . E| @ pd{
,
i+4 . +4 ,Y|n, oq o  +4 , +o,#j
.pd{
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i+4 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. ^+4 ,. Y|n+. +4  |,,‘ oq k| . +Y|n, | oq ||
+@u, uY|n+4 uY|n,v2@5. +E|n . Y|n oq ,= +E6,
Wkxv=
Y| @ +4 ,. +. +4  |,,Y|n> +E7,
zklfk |lhogv +53,/ dv fodlphg1 Sursrvlwlrq 9 wkhq iroorzv lpphgldwho| iurp wkh uvwrughu frq0
glwlrqv +E4,+E5,/ zklfk duh djdlq vx!flhqw1 Wkh wudqvlwlrq htxdwlrq iru oq k|> wkh irupxod iru
oq || dqg g|qdplfv ri wkh glvwulexwlrq +p|>
2
| , uhpdlq xqfkdqjhg iurp wkh fdvh ri lqfrph wd{hv1
Ilqdoo|/ E| lv jlyhq dv wkh vroxwlrq wr wkh glhuhqfh htxdwlrq=
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
@ 3> zklfk lpsolhv wkdw E| htxdov wkh suhvhqw
ydoxh ri wkh uljkwkdqg vlgh whupv1 Ghqlqj djdlq Z|  Y|p| . E|> vr wkdw Y|+k, @ Y| +oq k 
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Surri ri wkh Hgxfdwlrq Ilqdqfh Dqdorjxh ri Sursrvlwlrq 7
Rqfh djdlq/ fkrrvlqj i|n&> d|n&j"&’f vxemhfw wr wkh exgjhw frqvwudlqw +4:, lv htxlydohqw wr
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Surri ri Sursrvlwlrq 45
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Vxevwlwxwlqj +D46, lqwr wkh odvw whup/ zh rewdlq wkh dqdorjxh wr +D47, exw zlwk wkh +4   |,2 *v
uhsodfhg e| 4= Xqghu d frqvwdqw srolf|/ lq sduwlfxodu/ wklv |lhogv wkh fodlphg uhvxow1 Vlplodu ghulyd0
wlrqv fdq eh fduulhg rxw iru dq| vrfldo zhoiduh ixqfwlrq dvvrfldwhg wr dq lqwhushuvrqdo hodvwlflw| ri
vxevwlwxwlrq > khqfh wkh uhvxowv zklfk sdudooho wkrvh ri Sursrvlwlrq 431
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